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PREFACE. 


Soon after its expansion in 1894 into a national organization, 
the American Mathematical Society inaugurated the series of 
Colloquia which have been held in connection with its summer 
meetings since 1896, at intervals of two or three years. These 
Colloquia consist of courses of lectures delivered by specialists 
on selected chapters of their fields of work. Their purpose is 
to enable the members of the Society to keep in touch with the 
most recent advances of mathematical science and to stimulate 
a wide interest in its development. 

The list of Colloquia thus far held is as follows : 

I. The Buffalo Colloquium, 1896. 

(a) Professor Maxime B6cher, of Harvard University: “Linear 

Differential Equations, and Their Applications.” 

This Colloquium has not been published, but several papers 
appeared at about the time of the Colloquium, -in which the 
author dealt with topics treated in the lectures.* 

(b) Professor James Pierpont, of Yale University: “Galois’s 

Theory of Equations.” 

Published in the Annals of Mathematics , series 2, volumes 1 
and 2 (1900). 

II. The Cambridge Colloquium, 1898. 

(a) Professor William F. Osgood, of Harvard University: 
“ Selected Topics in the Theory of Functions.” 

Published in the Bulletin of the American Mathematical Society , 
volume 5 (1898), pages 59-87. 

*Two of these papers were: “Regular points of linear differential equa¬ 
tions of the second order,” Harvard University, 1896; “Notes on some points 
in the theory of linear differential equations,” Annals of Mathematics , vol. 
12 (1898). 
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(i b ) Professor Arthur G. Wkhstkh, of Clark l’ni versify: "'Hu- 
Partial Differential Equations of Wave Propagation.” 

III. The Ithaca Comshpum, 1901. 

(a) Professor Oskar Boi.za.o1' the Tniversity of < 'hieugn: "The 
Simplest Type of Problems in the Taleulusof Varint ions.” 
Published in amplified form under the title: Lecture, on the 
Calculus of Variations, Chicago, 190-1. 

(, b ) Professor Ernest W. Brown, of Ilaverfunl College: “Mod¬ 
em Methods of Treating Dynamical Problems, and in 
Particular the Problem of Three Bodies.” 

IV. The Boston ('oeukhum, Hit):;. 

(a) Professor Henry S. White, of Northwestern Timor,in : 

“Linear Systems of Curves on Algebraic Surfaces." 

(b) Professor Frederick S. Woods, of the Massachusetts Insti¬ 

tute of Technology: “Forms of N'on-Euelidean Space.” 

(c) Professor Edward B. Van Vi.kck, of Wesleyan Timer,it* : 

“Selected Topics in the Theory of Divergent Series and 
Continued Fractions." 

This Colloquium was published for the Society in the volume: 
The Boston Colloquium Lectures on Mathematics, New York. 
Macmillan, 1905. 

V. The New IIavkn Coi.t.nqnt m, llitiii. 

(a) Professor Eliakim II. Moore, of the l ’Diversity of ('biengo: 

“On the Theory of Bilinear Functional Operations.” 

(b) Professor Ernest J. Wii.czynhki, of the 1 'niverMty of ( ati- 

fomia: “Projective Differential Geometry.” 

(c) Professor Max Mason, of Yale Tniversity: "Selected Topic 

in the Theory of Boundary \ nine Problems of Differential 
Equations.’’ 
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Published by Yale* University in the volume: The New Haven 
Mathematical Colloquium, New Haven, Yale University Press, 
1910. 

VI. The Princeton Colloquium, 1909. 

(a) Professor Gilbert A. Buss, of the University of Chicago; 

“ Fundamental Existence Theorems.” 

(b) Professor Edward Kahnkr, of Columbia University: “Dif¬ 

ferential-Geometric Aspects of Dynamics.” 

This Colloquium is published here in full. 

The Colloquia of the Society are to an extent comparable with 
the reports regularly presented to Section A of the British Associa¬ 
tion for the Advancement, of Science and to the Deutsche Mathe- 
matiker-Vereinigung, and in so far play a rfile complementary to 
those of the Bulletin and Tranmefionx. The Society will doubt¬ 
less adopt the custom of publishing the lectures of each Colloquium 
in a corresponding volume. 

The Seventh Colloquium will be held in connection with the 
twentieth summer meeting of the Society at Madison, Wisconsin 
during the week September S PI, 15)PC Courses of lectures will 
be given by Professor Leonard E. Dickson, of the University 
of Chicago, and Professor William E. Oboood, of Harvard 
University. Tims for the first time an interval of four years has 
elapsed between successive Colloquia. As a suitable reflection 
and desirable stimulation of the mathematical activity of this 
country, it would seem desirable that the Colloquia should be 
held oftener. To avoid collision with the meetings of the Inter¬ 
national Congress of Mathematicians, the Colloquia might per¬ 
haps he arranged for every odd numbered year. 

K. II. Moore. 
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fXTffOfdVTIOX 

The exXiritrc theorems f 11 w Inch those lootures are devoted 
have hern the subject of a long sequence of investigations 
extending from the time of <‘mieli\ to the present day, and 
have found applieatiou at the hash of a \arielyof mathematical 
theories including, as perhaps of especial importance, the theory 
of algebraic functions mid the ntleulu* of variations. If a single 
solution In; It) ■ nil, tt u *»•, a m : h j, • > * , h n ) of a set of 
equations 

fjjr u ‘ * ’» f/$. ii 7, * * '» //„) * 0 t« * l/i, /|) 

in knowtt, fhen in 11 neighborhood of ta ; M there is one and only 
one other solution corresponding to each set of values *r in a 
properl) chosen neighborhood of the values and in the totality 
of solutions is; i#i m» defined the variables 1/ are single-valued 
and continuous functions of the ,rX, If n set of initial constants 
(£, ?io * 4 ■ * t in * h ghem then in 11 neighborhood of these values 
there is one and hut one continuous are 

//* ifjxl Co - 1 , 2 , • • •, n) 

satisfying the differentia! equations 

^: U • */ 4 <a Hu }h* ■ ■ U* - !» “» ■ • w) 

«x 

and passing through the initial values ?f when x - £. 

I 


*1 
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The formulation and first satisfactory proof's of those theorems, 
at least for the case where only two variables ,r. ;/ are involved, 
seem to be ascribed with unanimity to Cauchy. Ion- the implicit 
functions his proof rested upon the assumption that the function 
/ should be expressible by means of a [tower scries, and tin- 
solution he sought was also so expressible, a restriction which 
was later removed with remarkable insight by 1 >ini. For a 
differential equation, on the other hand, Cntiehv assumed otdv 
the continuity of the function tj and its first derivative for 
and his method of proof, with the well-known alteration dm- to 
Lipschitz, retains to-day recognized advantages over those of 
later writers. 

In the following pages (§§ 1, Hi) the two theorems -.laird 
above are proved with such alterations in the usual methods a • 
seemed desirable or advantageous in the present eoimeeiioii. 
The proof given for the fundamental theorem of implicit functions 
is applicable when the independent variables .r are replaced In a 
variable p which has a range of much more general tvpe than a 
set of points in an ///-dimensional ,r-spa<-e. + It is not neeessarv 
always to know an initial solution in order that others muv he 
found. In the treatment of Kepler’s ecpmt ion. for example, which 
defines the eccentric anomaly of a planet moving in an elliptical 
orbit in terms of the observed mean anomaly, one starts with an 
approximate solution only and determines an exact solution l>> 
means of a convergent succession of approximations. This 
procedure is closely allied to a method of approximation due to 
Goursat (§ d), suggested apparently by Picard’* treatment of the 
existence theorem for differential (-([nations. 


One of the principal purposes of the paragraphs which follow, 
however , is to f ree the existence theorems as far as possible from 

* The notion of a general range law been elari.latol f.v M.11„, <x, » 
Haven Mathematical Colloquium, page -1, the hjhvwI raws «hi. Ii . 

ularl y considers being enumerated on page i:t. .\u „p,,|., iui..u „f ,!„• 
of § 1 of these leoturoH when the range of p w a net of vm\mnum n )r m him 
been made by Fischer, “ A generalization of Volterru'* ilrriv nine of „ f, 
ot a line, Dissertation, Chicago (HH2), 
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the often inconvenient restriction which is implied by the words 
“ in a neighborhood of,” or which is so aptly expressed in German 
by the phrase im Kleinen.” It is evident from very simple 
examples that the totality of solutions (.r; y) associated con¬ 
tinuously with a given initial solution of a system of equations 
/ = 0 of the form described above, can not in general have the 
property that the variables y are everywhere single-valued 
functions of the variables .r, and the result of attempting, 
perhaps unconsciously, to preserve the single-valued character 
of the solutions has been the restriction of the region to which the 
existence theorems apply. In order to avoid this difficulty and 
to characterize to some extent the totality of solutions associated 
continuously with a given initial one in a region specified in 
advance, tin 1 writer has introduced (§ f>) the notion of a particular 
kind of point set called a sheet of points. In a suitably chosen 
neighborhood of a point (//; b) of the 1 sheet there corresponds 
to (‘very set of values .r sufficiently near to the values a exactly 
one point hr; y) of the sheet, and the single-valued functions. 
// so determined art 1 continuous and have continuous first de¬ 
rivatives. This condition does not at all imply that there are 
no other points of tin 1 sheet outside the specified neighborhood 
of the point (a; h) and having a projection x near to a. With 
the help of the notion of a sheet of points it can be concluded that 
with any initial solution fa; b) of the equations / — 0 there is 
associated a unique sheet S of solutions whose only houndary 
points are so-called exceptional points where the functions / 
either actually fail, or else* are not assumed, to have the continuity 
and other properties which are demanded in the proof of the 
well-known theorem for the existence of solutions in a neighbor¬ 
hood of an initial one. It is important oftentimes to know 
whether or not a sheet of solutions is actually single-valued 
throughout its entire extent, and a criterion sufficient to ensure 
this property has also been derived (§ 7). 

On the basis of these results some important theorems con¬ 
cerning the transformation of plain* regions into regions of 
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another plane by means of equations of the form 
xi = fa(j/u J/a). ^2 = fa(j/u //*A 

as in the theory of conformal transformation, have been deduced 
(§8). If the functions \f/ have suitable continuity properties 
and a non-vanishing functional determinant in the* interior of a 
simply closed regular curve B in the //-plains and if B is trans¬ 
formed into a simply closed regular curve A of the .r-plaue, then 
the equations define a one-to-one correspondence between flu* 
interiors of A and B, and the inverse functions so defined Iia\e 
continuity properties similar to those of \pi and Tim ** but 
a sample of the theorems which may be stated. Others are ul ho 
given (§8) which apply to the transformation of regions not 
necessarily finite, and to systems containing more than two 
equations. 

The theory of the singularities of implicit functions is of con¬ 
siderable difficulty and has been but incomplete!} developed, 
Por a transformation of the form above in which flu* functions 
fa, fa are analytic, the singular point to he studied, nf which the 
functional determinant I) = d(fa t fa),d(!fu //*,d vanishes, m 
well as its image in the .r-plane, may both without loss < tf getter* 
ality be supposed at the origin. The most genera! ease under 
these circumstances is that for which the determinant J> does 
not vanish identically and the equations u, i/., u hu\e no 
real solutions in common near the origin except the initios 

= 2/s = 0 themselves. It is found that the branches of the 
curve 1) = 0 bound off with a suitably chosen circle about the 
origin a number of triangular regions. Kach of these region-, i , 
transformed in a one-to-one way mto a sort of K tctiiuitn surface 
on the x-plane which winds about the origin ami is bounded b> 
the image of the boundary of the triangular region (see § 11, 
Fig. C). If the signs of I) in two adjacent triangular regions 
are opposite, then their images overlap along the common 
boundary; otherwise they adjoin without overlapping. At an> 
point of one of the Riemann surfaces the inverse functions defined 
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by the transformation are continuous and in the interior of the 
surface they have everywhere continuous derivatives. These 
results are obtained by means of applications of the theorem 
described above for the transformation of the interior of a simply 
closed curve II ; and the same method of procedure would un¬ 
doubtedly be of service when the curves \j /1 = 0, i= 0 have 
real branches through the origin in common, which must occur 
whenever they have common points in every neighborhood of 
the values ij\ = \j% = 0. The ease where the determinant 1) 
vanishes identically is also considered (§ 12). 

For the singularities of implicit functions defined by a sys¬ 
tem of equations / = 0 there is a generalization of the prepara¬ 
tion theorem of Weierstrass (§ 9) suggested to the writer by 
some remarks in the introduction of PoinoarCs Thesis, and 
by a study of the elimination theory of Kroneeker for algebraic 
equations. The theorem is presented here (§ 12) for two equa¬ 
tions and two variables y u }h hi the form originally given at the 
time of the Princeton Colloquium, but the method of proof is 
similar to that of a later paper* and applies with suitable modi¬ 
fications to a system containing more equations and independent 
variables. These results can not by any means be said to afford 
a complete characterization of the singularities of implicit 
functions, but it is hoped that they may be useful in paving the 
way for researches of a more comprehensive character. 

The writer published some years ago a paperf concerning the 
extensibility of the solutions of a system of differential equations, 
of the form specified above, from boundary to boundary of a finite 
closed region 11 in which the functions are supposed to have suit¬ 
able continuity properties. In thelast ehapterof these lectures the 
character of the region has been generalized so that no restrictions 
as to its finiteness or closure are made, and it is shown that the 
approximations of Cauehy eonverge to a solution over an interval 

* See the footnote to page 72. 

f “ The solutions of different ini equations of the first order ns functions of 
their Initial values,** A twain of Mathnnatic#, 2d series, vol. i\ (1004), page 49 , 
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in the interior of which the limiting curve is continuous and 
interior to R, while at the ends of the int(‘rval the only limit 
points of the curve arc at infinity or else arc on the boundary of the 
region. The solutions so defined arc continuous and differenti¬ 
able with respect to their initial values, a property which once 
proved is of great service in many of the applications of the 
existence theorems. One situation in which these results June 
an important bearing is related to a partial differential equation 
of the first order 

y, z, dz/d.r, dz/dy) ~ 0. 

When this equation is analytic, any analytic curve (', which i, 
not a so-called integral curve, defines uniquely an analytic surface 
containing the curve and satisfying the differential equal ion, The 
uniqueness in this ease is a consequence, in the first place, of 
the fact that an analytic surface is completely determined when 
an initial series defining its values in a limited region is gi\cu. 
and, in the second place, of the theorem that at a given point 
and normal of the initial curve (’ satisfying the differential eqtiu- 
tion there is but one series defining an integral surface including 
the points of C and having the given initial normal. It i, n.«f 
self evident in what sense a solution of a non-annh tie equation 
is uniquely determined by an initial curve, as may be seen b\ \ erv 
simple examples. An initial curve which is not an integral cun e 
wdl in general have associated with it, however, u strip of nor¬ 
mals which satisfy the partial differential equation, ami who,,- 
elements as initial values determine a one-parameter family of 
characteristic strips simply covering a region //,„ of tin* .n/.phuir 
about the projection of the initial curve V. ThVre is one nod hut 
one integral surface of the differential equation with n contimi- 
ously turning tangent plane and continuous curvature, which is 
defined at every point of the region //,„ ami contains the initial 
curve 6 and its strip of normals (§ 19). 



CHAPTER I 

ORDINARY POINTS OP IMPLICIT FUNCTIONS 
§1. Trk FundaMKNTAL Tiikorkm 

The fundamental theorem of the implicit function theory 
states the existence of a set of functions 

!U = !U(*u *'i, • • *m) (« = 1,2, • • •, w) 

which satisfy a system of equations of the form 

(H j'M'u ^ *r m ; j/u // 2 , • • •, //«) = 0 (<* = 1, 2 , • • - , n) 

in a neighborhood of a given initial solution (a; h). Dinfs 
method,* for the case in which the functions/are only assumed to 
bo continuous and to have continuous first derivatives, is to 
show the existence of a solution of a single equation, and then 
to extend his result by mathematical induction to a system of 
the form given above, a plan which has been followed, with 
only slight alterations and improvements in form, by most 
writers on tin* theory of functions of a real variable. In a more 
recent paperf (Joursat has applied a method of successive ap¬ 
proximations which enabled him to do away with the assumption 
of the existence of the derivatives of the functions / with respect 
to the independent variables >r. 

Out 1 can hardly be dissatisfied with either of these methods of 
attack. It is true that when the theorem is stated as precisely 
ns in the following paragraphs, the determination of the neighbor¬ 
hoods at the stage when the imluetion must be made is rather 
inelegant, but the diffieulties enemmtered are not serious. The 
introduction of successive approximations is an interesting step, 

* i^xiout di Annina mfinitemtimle, vol 1, chap. IS. For historical remark**, 
him* Osgood, Kuryclopadie der nmthemntirtchen Wimeiwchaften, II, II 1, § 44 
anti footnote HO. 

f Hulktin tit In Smirk nmthrmnlitfur tk Fmnct\ vol. HI (RH)H), page IH5. 
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though it does not simplify the situation ami iiuiccil due . tint 
add generality with regard to the assumption- on the function 
The method of Ditii enn in fact. hy only it -light inodifieation, 
be made to apply to eases where the funetion, du not have 
derivatives with respeet to the variables .r. The proof w hieh i. 
given in the following paragraphs seem-, to have advantage, in 
the matter of simplicity over either of the other.. It npplie. 
equally well, without induction, to oik* or a -v tem of equation ,, 
and requires only the initial assumptions which (lour at nieutiou. 
in his paper. 

Where it is possible without sacrificing elearne-the row letter. 
/, x, y, p, a, b will he used to denote the sWem. 

f = (fhfh * ' '. fn) i X - {.f t , 

y = iVh y 2) • • •» Ifn), (t ~ ((In II.’, • * • , ll,„ ), 

b = (bh h, • • •, b n ), p = («,, (/■.,, • • It,,,; /.., . . , ( , 

In this notation the equations (1) have the form 

JV; y) ~ (>, 

the interpretation being that every element of / ... a ftmetnu, of 
3*2, • • •, x m ; y h ?/.>, • •and every /, i- to he set equal to 
zero. The notations p„ a„ b, represent respeetiveh the neigh¬ 
borhoods 

| z — a | < (, (^ j < e; : ~ v t , . t 

of the points p, a, h. 

. With these notati< > ns in mind the fundamental theorem which 
IS to be proved may he stated as follows: 

Hypotheses: 

1) the functions /(.r; y) are continuum, and Imre first P „rtud 

derivatives with respect to the variables y which me . 

m a neighborhood of the point (a; b) which will be denoted !,„ „ ‘ 

2) f(a ; b) = 0; ‘ 7 * 

3) the functional determinant 1) «* Jif, f, ... t , 

■■ ;yn) is different from zero at p. ' ^ 
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Conclusions: 

1) a neighborhood p, van be found in which there corresponds 
to <t given value, x at most one solution (x; y) of the equations 
f(.r; y) ■- 0; 

2) for any neighborhood p, irith the property just described a 
constant 5 * t can be found such that, every x. in a s has associated 
with it a point (x; y) which satisfies the equations f(x-, y) = 0; 

2) the functions y(x j, x 2 , • • •, x m ) so found are continuous in 
the region 

For the neighborhood p, lot one be chosen in which the 
continuity properties of the functions / are preserved. If 
O; y) and (,r; //') are two points in p„ it follows, by applying 
Taylor’s formula to the differences/(.r; y’) —f{x\ y), that 


f dx; */') - 

- /dx; //) 

" 

— f/j) 4“ * ' 

. */> (a 

- tin), 

fjx-,y') - 

J n t x , y ) 


//j 4“ ’ 

. °f* ( , 

ttn). 


where the arguments of the derivatives ilf a 'dy# have the form 
x\ y + OJy’ — y), and 0 < 0 A < 1. The determinant of these 
derivatives is different from zero when (x; y') -■ (.r; //) = («; b), 
and lienee must remain different from zero if p, is restricted so 
that in it the funetional determinant D remains different from 
zero. It is then impossible that (,r; y) and (.r; ;/') should both 
be solutions of the equations f{x\ y) -■■■ 0, if y is distinct from y'. 
In the corresponding region b, the function 

vrt«;.'/) y) + /3*’(«; //) + • • • +/»■(«; it) 

has a minimum for y b, since* for that value it vanishes and 
for every other it is positive. In particular 

ydu; y) ~~ ydo; b) > m > 0 

when y ranges over the closed set of points y forming the boundary 
of /»., on account of the continuity of <p, and the inequality 

^>(x; y) — <fi(x\ b ) > m 
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remains true for all values .r in a suitably rh«»rn domain 
Hence for a fixed :r in a s the minimum of <»'<•'"; V* »’ attained at a 
point y interior to !>,• At such a point, however, 


1^ d<p _ , dfi 
2dy\~ h din 


+ J ■ <!//. i 


1 /■ 


d//i 


(I. 


1 dtp _ , djl . .. OJ; 

2%„ “%n 



(I, 


and this can happen only when all the element <»f 4 are /mm 
since the functional determinant D i> dtlfereni fr<»m /»tm in /*„. 
It follows that to every point .r in tt,\ there rurrr *pm»d. in /*. 
a solution (.t; ?/) of the equutions/U; y) U. 

The functions y(.r u •••» detined in thi • twt\ m«*r the 
region a$ are all continuous. ’For consider tin* \aim*» y and 
y + Ay corresponding to two points s and s } A.r. IU npf4> 
ng Taylor’s formula it follows from the relation . 


f{x; y + Ay) — /(.r; //) = fix; y + Ay) « /or ! As: y I Ay *. 

which are true because (,r; //) and U 4 As: y I A*n both nmlr 
/ = 0, that 




1 A | Vi 


<Vi 

%» 


A;/„ 


II ■{■&!/) • /)*.<' j A.'', v ? A.v), 


( 2 ) 


! 5” Avi + ^ A;/.» + • •. + 

5.Vi ' / + <'>!/„ 11 " 


f n (j",nj Ayi - /„).r ) A.r;* A*/*, 


where the arguments of the derivative?, i }/« have the form 

V + 0«Av (0 < <?« < 1). The (leterminuut of thr u- di-m- 
atives is different from zero on account of the wav in whirl, 
was chosen, and the .second members of the equation* approach 
zero with Ax. Hence the same must be true of the quauttiir < 



FUNDAMENTAL EXISTENCE THEOREMS. 


11 


A;/, and thus the functions y(x u x 2 , • • x m ) are seen to he 
continuous. 

A similar application of Taylor's formula leads to the con¬ 
clusion: 

If the functions f have derivatives of the first order with respect 
to Wk which are continuous in the neighborhood of p, so have also 
the functions y(x\* x 2f ***, x m ) in the region a$; and if the fs 
have all derivatives of the nth order continuous, so have the functions 
yUu *r a , * • 4K 
For suppose 

Ax\ 4 0, A.r^ - Axn — * * * = A.r m = 0. 

Then hy applying Taylor's formula to the second members of 
equations (2) it follows that 

an a at , if i a?/, _ a/j Ay n , Bfi = 

(hn Alt Bin Axi Bi/n Aj'i Bx\ 

If n Ain Bfn Ajh _ , d/„ Aljn , Bfn _ () 

a//|Axi Bin Axi * By n Awi Bx% 

where the arguments of the derivatives BfJBx i have the form 
ir f (If Aw; // \ A//. Hence as Awi approaches zero the quotients 
AyJ&jri approach limits ilyfdjr j which satisfy the equations 

Bfi a#/1 Bfx Bin _ Bfi Bm Bf t ^ u 

Bin Bwt Bg > Bw\ ‘ * Bg n Bx x 1 Bx x 

(III •-••••••• 

Bfn Bif I Bfn Bin , _ s , Bf n By» Bf n ^ 

Bin B.v\ Bin Bxi BifnBxt Bx\ 

where the arguments of the derivatives of / are now (x; j/). 

A simitar consideration shows the existence of the first deriv¬ 
atives with resjwet to the variables x 2t x St * * *, x m . The ex¬ 
istence of the higher derivatives follows from the observation 

flint the solutions of equations {2) for the quotients BfJBy $ are 
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differentiable — 1 times with respect to the variables /, uu 
account of the assumption that tin* funrtiou>/ an* fliflVivutinhle 
n times. 

§2. Equations in wmni the Fr\rriu\H un; Awn nr 

It seems necessary to proceed diifereuth in order to pru\ r that 
when the functions/ in equations (11 are analvtie with rorffirtntH 
and variables permitted to assume imaginary value.. i ht* suimions 
y = y{x it *To, are also annlj tie fimctiuiis nf fhr variables 

x. The following theorem (‘an first he proved: 

When- the function# f arc format series in the rarialdt s .r; tj with 
literal coefficients and haring no nmstani terms, tin n there msls 
one and hut one set of writ*# 

( 4 ) !U - //„(•'•!, 

for the variables y, which vanish with lhr .>■ x and satisfy id, n to ally 
the equations fix; y) — 0, Each coefficient in the series i / is 
rational in a finite number uf those of the fnneti„ns f, the only 
denominators occurring being powers of the determinant U ■■/ the 
coefficients of the linear terms in y. 

lo prove this lot tlio equations j H |>e written in tin- fuctu 

«n,Vi + «!S !/■> +.f- «!„//„ • //!, 

«myi + a„■>!/■• -f • • • -}- ’ ;/„(,»■; //•, 

where the functions g have no linear terms in y. |t\ undtiph ing 

these equations by proper factors and adding," thov nun be made 

to take the form 

^ & ~ K(jt, y) in 1,2. ■,«!, 

where the series h have still no linear terms in „ and }»a ,• ,,,,-tli. 
cients which are rational in those of the funetinm f, «)„. UI ,| V 
denominators occurring being the determinant It. \\ m -...fir, 
for y which satisfy formally the original equation, must' satisfy 
the last equations, and vice versa. 
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Consider now a set of series (4) in which the coefficients are 
indeterminates c. If they satisfy the equations (5) identically, 
then by comparison of coefficients on the two sides it is seen 
that any coefficient c v of a term of degree v must be equal to a 
polynomial, with positive integral coefficients, in a finite number 
of the coefficients of the functions h and in the coefficients c^k 
of terms in the functions y of lower degree than v. For there 
are at most a finite number of terms on the right of any given 
degree v, and since the functions h have no linear terms in the 
variables y it follows that wherever the term containing c v 
occurs it is always multiplied by a y or by a power of some of 
the variables x, and hence c v can only appear in terms of degree 
greater than v . Since the coefficients of the linear terms in the 
functions y are equal respectively to corresponding coefficients 
in the functions h, it follows by an easy induction that every 
coefficient in the functions y must be a polynomial with positive 
integral coefficients in a finite number of the coefficients 
of the functions h . There is evidently but one set of series (4) 
of the kind described satisfying formally the equations (5), or 
what is the same thing, the equations / = 0. 

For any numerical choice of the coefficients of the functions f in 
the domain of real or imaginary numbers for which the series f 
converge and the determinant R = [ | is different from zero , 

the series ( 4 ) for y will also be well-determined and convergent . 

For, a set of equations 

(6) Vo. = H a (x-, y) (a = 1, 2, • • •, n) 

can be constructed whose coefficients are all positive and greater 
numerically than the corresponding coefficients in the functions 
h, and for which the corresponding series y = Y(x h xi, ■ ■ x m ) 
converge. The coefficients in the functions Y will be greater 
numerically than the corresponding coefficients of the series 
y(xi, x<i, ■ ■ ■, x m ), and hence the series y will also converge. 

To show this suppose that p is a positive constant smaller 
than the radii of convergence of the functions h(x;y). Then 
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the series h(p; p) are convergent, anti each term i * ntimrnntlly 
smaller than a constant; M chosen greater than the ntm * *f the 
absolute values of the terms in any one of the a*rie» A>p. p). 
The coefficient of any term in hix\ tj) m lev* than M ^ where v 
is the degree of the term* The series 

, 1 / 

X\ + A 'f' * * * I A,, ^ j i j 


//.(*; y) = 


(- 


.u 


^ !h * .</• ! 

>• 


fin 


are similar to the series hU\ //) in the matter of mm ing tn-ius, 
and dominate them in tin* manner dr >rrihrd ahm «*, anr the 
coefficient of any term of degree p in .1/ / or grmtrr, 

The unique series satisfying equation^ nii will rudnifli l, r 
convergent if a convergent series a in x ran hr ilrirnntiinl 
satisfying 


u = 


x\ *4” Aj 4” 




, 1 / . 1 / 


for then every series ;/ can he put equal to that Wu- , u Thr 
latter equation is however a quadrate* in u ami ha . thr ,m|u* mu 


u = 


Mu) 


>f 


\Mn(p { Mn i 




i 


vanishing with 4 -. This will certainly he rrprr ,rntal-l.- h> a 
convergent series in 4 * provided that 


< m(p + 2 Mn) ! '* l - 

since then the second term tinder the radical i, .dh 

less than unity. 
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The two theorems which have just been proved enable one to 
make the following statement concerning, the solutions whose 
existence was proved in § 1: 

If the functions /(.r; //) arc analytic in the region p„ then the 
solutions ( I) of the ei/nutions /(.r;.//) = 0 arc analytic, at, every point, 
of the region a^ 

It is only necessary to transform the origin of coordinates to 
th<‘ particular point (x; //) of the solution which it is desired to 
investigate. 

Furthermore when the domain in which the equations / = 0 
are to bo studied is the domain of complex numbers, a theorem 
analogous to that of § 1 may he stated. 

If in the domain of complex numbers the functions f(x; y) are 
analytic at a point p(a; h) at which 


fin; b) = 0 , I>(a;h) 


<Kfuh,-*Jn) “ 

//a ? • • - , //n) J y“Ht 


* 0 , 


then there exists a neighborhood p, in which any x corresponds to at 
most one solution (x; //), either real or complex , of the equations 
/hn y) 0. For any such choice of p e a neighborhood n& (8 e) 
can he found sneh that every point x in //* has associated with it a 
solution (x; y} of the equations f - 0 in and the values y for 
these solutions are defined by a set of functions 


ft tt :yi ftaUu x m ) (a - 1,2, •••,//) 

which are expressible as series in the differences x ■— a conrergent 
in the region a & . 

The existence of tin 4 neighborhood p, is provable by the ar¬ 
gument used in § I, since for any two points (x; y) and {x; if) 
in the common domain of convergence of the functions/, equa¬ 
tions of the form 


fj»n III- . fjx; i/I A^iyf-y t )+ * * • + — .t/n), 

(« = 1,2, • • - , n) 

hold, where the coefficient J afi is n convergent series in the dif- 
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ferences x — a, y — b, y' — b with constant term <*<{tiaI to 
The existence of the coefficients J can he established In run- 
sidering two analogous terms in f(x; yl and /i.r; y'u The 
difference of such a pair of terms will always he linearly expre-. dhlr 
in terms of the differences 

(yf - K) - 0/* - bf) ~ - y„ ( o 1 1 -. 


Furthermore for (;r, y, y') = (a, b, b) the ih-rivatiu* of the lira 
member with respect to /// reduces to«„ w , while that of the wend 
is the constant term in A alt . Hence for these \ulue, of the 
variables the determinant j , j redtiees to I Hu, b i j o, 

By transforming the origin of coordinates to the point a. In 
and applying the first two theorems of this section, it follow , that 
there exists a set of convergent series (7) satisfy ing the eipiati.m . 
/ — 0 identically; and for a sufficiently stnall region n, tin- 
points ( x; y) which tlit'y define will all lie in tin* neighborhood , 


§3. Gouusatk M union of Ammxntu j<>\ 

The method of approximation which i> to !*«* pri^rutni in iftr 
following paragraphs is of interest primarily beruu ji ulford > 
a direct method of finding the values of implicit fum tinu», ami 
justifies computations sometimes used in the application-. «.f 
the theory. In order to exhibit this method mppo again iimi 
the functions / have the properties de.Herihrd in the j*rinripu! 
theorem of § 1, and consider the following h*u of c<|tiatiofn 
suggested by Taylor’s formula; 


( 8 ) 


fl( x J y) + — 1 / 1 ) "f* ~ I j 

+ <h JiU 4 *- l/n 1 h, 


fn(% , y) + QnliVl — l/i) + /// — ijn J I 

{ n*»»*//*/ ^ \ ii, 

in which the coefficient is the value of <?/„ <)//„ at the p,„ut 
When solved for the variables y\ the.se equations take «|„. f„rm 

^ .V« ** <fJx l if) pi is |, -j t 
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and one verifies readily by substitution of these expressions 
in equations (8) that the functions <p and all of their first 
derivatives with respect to the elements of y are continuous near 
p; and at the point p itself <p a has the value b a1 while all of its 
derivatives with respect to the y' s vanish. 

A sequence of systems y (k) = (yi (k \ ?/ 2 (A '\ * * *, beginning 
with the set 

y f = 6), b), - • *, <p n (x\ b)] 

can now be defined by means of the recursion formulas (9), which 

are equivalent to 

!U {k) = y {h ~' l} ) (or = 1, 2, * ••,/*)■ 

Let p t be any neighborhood of p in whieh the continuity properties 
of / are retained, and in which the derivatives of tp remain nu¬ 
merically less than Ojn where 0 < 0 < 1. If the values of r are 
restricted to a region a%(8 f e) so small that every element of 
the sot y f satisfies the inequality 

so) I a,; -1>.\ < (d- o), 

then the points Or; y (k) ) will all lie in tin* neighhorhhood />, 
and will approach uniformly a limiting point (*r;//) which is a 
solution of tin* equations (1). 

To prove these statements one needs only to apply successively 
the inequality 

I yJ k) - !L {t 11 1 •" I <r«u ;*<*-“) - i »'*'*')! 

' I !h a ~ l) - !h a i 4- hh'*-" - .V*‘*- s * I 

+ ... 4 . 1 ,/„<*' •> - ,u a --'! I, 

which follows readily by an application of Taylor’s formula. 
Since the inequalities (10) hold, the last formula successively 
applied shows that 

! yj kj - ^ ' 8 k ~'t[l - 8). 

(Consequently the sum yj kl of the first k + 1 terms of the series 

(11) &«+ (//*'- K) + Uu"- it* + 11 H- * * * 

3 
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differs in absolute value from K by a quantity w hieh is loss than 

«(1 - 0)(1 + 6 + 8 *-+ ■■■ + 0 k ~') =■ *i 1 - A * 1 ’■ *■ 

Hence the points (,r; »/) all lie in the neighborhood and tin- 

series (11) is uniformly convergent in the neighbor!.1 

The limiting point (.r; y) evidently satisfies the equations 
/ = 0. For at every stage the values (.r, y, >/') t.r, y' 1 »/'*'! 

satisfy the equations (8), and the first members of these equations 
approach uniformly the values j(.r; //). 

The process of determining the solutions described above is 
evidently one of trial and error. The values // b being first 
substituted, the equations (9) determine approviuintelv tIn- 
correction y' — b which must be added to h in order to obtain a 
solution for any value of x near to a. For the values so corrected 
the equations (9) give again a new correct ion y" and so on. 

It is ordinarily presupposed that an initial solution in; hi is giv eii, 
but th-e process may also lead to I hr discorcry of n solution in rum- only 
an initial point which approximately satisfies the npnttiim is known. 
To show this suppose that the functions/ an* continuous and luiv e 
continuous first partial derivatives with respect to the variable* 
y in a closed region Ii of points (x;y) in which the functional 
determinant l)(x\ y) is different, from zero. The function . in 
equations (9) arc to be thought of as depending upon t x.y\, 
and also upon the variables (a; h) which enter in the derivative* 
a a(3 . Then the expressions <p(x, y, a, U I, ip^x, y, a, hi are con¬ 
tinuous when (ay?/), («;/>) lie in H, and nil of the derivative* 
tp v vanish identically when f.r;//) • {«;/»!, The value of 

<p{a, b, a, b) is not necessarily b, however, whim in: In i-. not a 
solution. Two positive constants, 6 < 1 and t, can be deter¬ 
mined so that 

! <Pv(*, y, a, h) | < 8,’h 

whenever (a; b) and (x;y) satisfy the inequalities 
| a; - a | < «, \y-b\< t. 

If now there exists a point pin; b) fur which the neighborl»M«i /«. 
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is entirely within R, and such that 

| <p(a, ft, a, b) — 6 | < c(l — 0), 

then the sequence y (k) defined converges uniformly as before 
in a neighborhood a§ of the point a and determines a solution 
(■*•; ?/)• 

As an example consider the equation 


(U) 


y — e sin y = x (0 < e < 1), 


which in the theory of elliptic orbits determines the value of the 
eccentric anomaly y in terms of the mean anomaly :r. The func¬ 
tion <p is in this case 


<pO, y, a , b) 


e(sin y — ?/ cos 6) + x 
l — e cos b 


and <p y remains less than 6 when 


| y — ft | < 0 


e 




For any given x = a , a value y = 6 can be determined, by graph¬ 
ical) methods for example, so that 


| <p(a, ft, a t ft) — ft 


ft — r sin ft — n 
1 — e cos ft 


< fli-i(i-e). 


The process described above* therefore* converges in a suitably 
chosen neighborhood of x = a, and a solution of equation (12) 
can be found when an approximate solution only has been de¬ 
termined in advance. 


§4. Bolza’h Extension of the Fundamental 

Thkoiikm* 

The neighborhood l\ of a set of points P in the space (x; y) 
is the totality of points (x; y) which satisfy inequalities of the 

form 

I * — « | < (, I // - b I < t, 

* Vorlmmgen tlber Variat ionurerhmmg, page 100: also Mat hemal Mm 
Annalcn, vol. 63 (1000), page 247. The theorem watt proved independently 
by Maaon and Bliwi, 14 Fields of extremals m #pare, n Tranmdiam of the 
American Mathematical Society, vol. II (UHO), page 3211, 
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where (a; b) is some point of P . The sot* <>l points (a * and i/»* 
which belong to points (a; b) of P are the projections of P in 
the x- and y-spaces, and will be denoted by A and IP respect i\ rh . 

The fundamental theorem of § 1 remains true if m its stutt im uf 
the single point p is replaced In/ a set of points P which is finitt 
and closed, and which furthermore has the property that no fun 
distinct points ( a ; /;), (a'; //) of P hare the same projection a* a. 
According to the conclusions of the theorem there t xists tin a n 
neighborhood P e in which no two solutions of the et/nations f\x\ //> u 
have the same projection x, and a neighborhood A^ in which # n mj x 
surely belongs to a solution (,r; y) in l\. The sinyle-mlncd fund inns 
y(xi, ,T2, • * •, x m ) so defined in J# are continuous , and if tin fum-- 
tions f(x; y) have continuous derivatives of the n4h ordt r m n 
neighborhood of /\ so have the functions ylx u x Vt - * * 4 ,i\ M » in A t , 

To prove the theorem suppose first that a .sequence of p*»dtdr 
constants €* (k = 1,2, •**) approaching zero bus born rlrrtrd 
arbitrarily. If the first part of tin* theorem were imt true. thru 
in any neighborhood P H there would be two distinct ulufirsi. 
Gt; y)k and (x; ?/')* of the equations Jix\ y t li t w }ii«'li w * • tih 1 
satisfy, respectively, inequalities of the form 

(13) 

I | < *>■ ’ I //' ~~ X ' <" », 

with two points («; 0)* and («'; Xh of tin* -et /'. Since /■ 
finite and dosed, the sequence of values (,,, ,f, o’, Xn hn a 
point of condensation (a. In a', //) for wind, in; In and m‘. 
are both in P. From the inequalities ii:n it folhm . that 
(a, b; a 1 , V) is jilso a point of eondensatioti fur the ,eqm m «• 
O’ V’ 2/0tu'd therefore a and n' must he the iaiu<- The 
values b and V must also he identical since V contains «nd> *,t„- 
point p(a; b) with the projection «. According to the original 
statement of the fundamental theorem in § 1, „ neighborhood ,, 
can be chosen in which no two solutions of tin- equal,,,, 

(*; y ) ~ 0 have t,le W projection .r. Ilem-e t!,e exist, 
of the sequences (.r; y) k atul (,; ,/ h with the common point of 
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condensation (a ; b) is contradicted, and it must always be 
possible to select a neighborhood I\, in which distinct solutions 
of the equations / = 0 always have distinct projections a*. 

A similar argument shows that a neighborhood A s can be 
selected so that: to any point of it there corresponds a, solution 
of the equations / = 0. Otherwise to each 8k of a sequence of 
constants approaching zero, there would correspond a point 
{,v)k in the region A^ which would belong to no solution in /V 
To each (,r)& there would correspond a point Uy)* in A satisfying 
the inequalities 

| .r — r/ | < 8 k 

with the values (a*)*, and the points (o-)/ t - would have a point of 
condensation a in .1, which would also be a point of condensation 
for the sequence (a*b-, since A is finite and closed when P is so. 
But by the original theorem of § I, again, it is known that a 
neighborhood a iS of a can be chosen in which every point .r has. 
associated with it a solution C.r;;/) in p tt where p(tt\ h) is the 
point of P having the projection a. Consequently the existence 
of the sequence (a*)/,- is eontradicted. 

If now the region I\ is so restricted that the functional de¬ 
terminant //) remains different from zero throughout It, 
then tin* original theorem of § I can In* applied to show that the 
functions //(au, ay, ***,a*„) are continuous at any point of the 
region , 1 # and possess ns many continuous derivatives as an* pos¬ 
sessed by the functions /Ur; //). 

§ o. The Unique Sheet of Solutions Assort vtkd with an 
Initial Solution 

Tin* points of the space Lr; //) may la* divided into two classes, 
ordinary points and exceptional points, with respect to the func¬ 
tions /. An ordinary point is om* at which tin* first and third 
hypotheses of tin* theorem of § 1 are postulated, that is, one near 
which the functions/ and their first derivatives with respect to y 
are continuous and the* functional determinant 1> — • • *, 



22 


THE PRINCETON COLLOQUIUM. 


f n )/d(y h y%, • • •, y n ) is different from zero. An exceptional point 
is one at which some of these conditions are not fulfilled or are 
not presupposed. 

A sheet of points in the (in + a)~dimensional space (x; //) 
may be defined as a point set 8 with the property that for any 
point p(a;b) belonging to the set a neighborhood p, ran always 
be found such that no two points of 8 in p € have the same pro¬ 
jection x. In other words, the variables y arc* single-valued 
functions y(x h x 2 , •••, x m ) in the neighborhood of the point p t 
for points of the sheet. 

If for any neighborhood b 4 of the kind just described, a region 
a fi (8^ e) can be found in which every point x belongs to a 
point of S in then p is said to he an interior point of the* sheet S, 

A boundary point is a limit point of points of tin* sheet, which 
is not itself an interior point and may not even belong to *S\ 

A sheet is said to be connected if every pair (x '; */), U";//" I 
t)f its interior points can be joined by a eontinuous curve 

a = x(t), y = y{t) it' •' t * ‘ i"t, 

consisting entirely of interior points of the sheet. 

In the following pages it is always to he understood that tin* 
sheets considered are continuous and have* eontinuouH fir4 
derivatives, or in other words at any interior point of can* of them 
the functions y(*u * * *, ;r m ) mentioned above* htt\e the^e 
properties. A sheet will be said to become infinite near a point 
x' if x r is the limit of the projections of a sequence of points lx; y) 
of the sheet for which one at least of the variables y approaches 
infinity. 

With the preceding agreements as to nomenclature in mind, 
it is possible to prove the following theorem; 

If a point p(a ; b) is an ordinary point for the functions f a ml 
satisfies the equations f = 0, then there passes through p one and 
only one connected sheet of solutions of these equations, itiih the 
properties: 

1) all points of the sheet are ordinary points of the fmuiimts /; 

2) all points are interior points; 
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3) the only boundary points of the sheet are exceptional points for 

the system f . 

The set of points 

[ 2*m> y%(Xl f X%, ‘ * *, Xrn) , * * J/n(^b ‘ 3*m) ] 

defined over the region a& by the principal theorem of § 1, is a 
sheet Si of solutions of the equations / = 0 which satisfies all the 
requirements of the theorem just stated except possibly the last. 
Its points are all interior points since the region a 8 is defined by 
inequalities only. If any boundary point p'(a ?/) of Si is an 
ordinary point of the functions / it must satisfy the equations 
f = 0, since the /’s are continuous and p' is a limit point of points 
on S\. Consequently the theorem of § 1 can be applied in the 
neighborhood of //, and the sheet S' so determined near p r 
forms with Si a new set S$. This process may be repeated any 
number of times, and the totality of points which can be attained 
by a finite number of such extensions, constitutes the sheet S 
required in the theorem. 

The set of points S so determined constitutes a sheet, since 
any point q of it is an ordinary point and a solution of the equa¬ 
tions / -= 0, and according to the theorem of § 1 the solutions of 
these equations in the neighborhood of q have the property which 
is characteristic of a sheet. From the manner of its construction 
the sheet is evidently conneded and consists entirely of interior 
points. If any boundary point q of S were an ordinary point of 
the functions /, the sheet could be extended to include q as an 
interior point by the process described in the preceding paragraph. 

There could not bo a second sheet 2 containing a point r 
not in S and having the properties stated in the theorem. For 
there would in that case be a continuous curve 

.r - .ill), y » y(t) Hi < t ' /*) 

in £ joining p with w and consisting entirely of ordinary points. 
In a neighborhood of t — ft all of the points defined on the curve 
would also be points of *S\ since the solutions of the equations 
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/ = 0 near the initial point p of the curve are all in N. The values 
of i defining points on the curve and in 8 would therefore have 
an upper bound r £ t 2 such that r would define on the etiine a 
boundary point of 8. But this is impossible since all of the 
points of the curve are ordinary points. 

If the functions / are known to he continuous and to ha\ e con¬ 
tinuous derivatives in a region It, then it follows readily from 
what precedes that through any ordinary solution of tin* 
equations/ = 0 interior to H there passes one and only one sheet 
of solutions having the property that the only boundary points 
of the sheet arc boundary points of It, or interior points of H at 
which the functional determinant vanishes. If It Is finite and 
closed and consists entirely of ordinary points for the function*/, 
then there can not he more than a finite number of points of 
the sheet on any ordinate a*. Otherwise the points common to 
the ordinate and the sheet would have a point of condemnation p t 
also in R. Since p is an ordinary point there can be at itnoi one 
solution of the equations in a properly chosen neighborhood /*«, 
It is interesting to determine a criterion which shall chnractrri/c 
a sheet which is at most single-valued on any ordinate. Such a 
criterion is derived in §7 in connection with a theorem due 
originally to Schoenflies, and afterwards proved by Osgood. 
The proof of it involves the auxiliary notions described in § t; 
and the following corollaries to the preceding theorem: 

If the initial point of a continuous arc 

(Cf) Xi = Xi(t) (/ "" 1*2* * * * * in; f I * f’t 

in the x-space is the projection oj a solution //t*r/ i/ # ) if ike etpuiinmM 
/ = 0 which is an ordinary point for the functions J\ thru there h 
associated with the arc C x one and only one continuous eurve 

iPxy) xft), y^yjj) (i® 1,2, • * % m ; <x ^ 1*2, • * % «t 

passing through (V; y f ) for t « t\ with the properties: 

1) all of its points are solutions of the eqimimm / || nm ! ufm 

dinary points of the functions f; 
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2) it is defined either over the whole interval t! 5> t //', or else 
on an interval t/ ^ t < r //') ,vac/i that as i approaches r 
the only limit points of the carve (\ y are at infinity or are excep¬ 
tional points of the functions f. 

The truth of this statement is readily deduced from the con¬ 
siderations whieh precede, or by the following argument. The 
fundamental theorem of § 1 can he applied at the point (.r'; ?/)• 
If the are V s is entirely within the region .r/ then the existence 
and uniqueness of the curve (\ u is evident. In any ease there 
will he some intervals f < } t t\ in which curves (\ u are defined 
having all the properties described in the theorem except possibly 
2). Suppose that r is the upper bound of the end values t x 
for such intervals. Then there is a curve (\ y well defined in 
the interval // € / < r, and no limit point {a ; fi) of the curve 
as t approaches r can be* a finite ordinary point for the* func¬ 
tions /, For if (<r ; fi) wove such a point, it would also satisfy 
tin* equations/ 0, on account of the continuity of the functions 
/, and the theorem of § 1 could again be applied at (<v ; (i). A 
curve (\ u with all the* properties of tin* theorem, except possibly 
2), could then be* defined over an interval including the* interval 
t f * t < r in its interior, whieh contradicts the* assumption that 
r is the upper bound of such intervals. 

There could not be two curvesT^ associated with the* projection 
r x , having the properties described in the theorem, and having 
distinct points (*r; if) and (.r; //') corresponding to the same 
value t>>. For if so, there would be an interval / Jt < t *' h in 
which tin* curves would be distinct while at / — /a they coincide. 
'Phis is, however, impossible since in a neighborhood of tin* point 
corresponding to / ;i there can he but one solution of the equations 
/ 0 corresponding to a given set of values j\ 

Suppose that a etnitlnnnm X of points (x u .r 2 , * * *, >r m ) contains 
no projection of a hound ary point of a sheet S of solutions of the 
equations f '■ 0, and no point near which the sheet becomes infinite. 
Then if X contains the projection of a point on the sheet every other 
point of X will also he such a projection. On the other hand, if X 
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contains a point which is not a projection of any point of the sheet, 
then no point of X can be. a projection of a point of .S'. 

These statements follow readily with the help of the last 
theorem. For suppose that X eoutains the projection .r' of 
an interior point (*'; y') of a sheet of solutions of the equations 
/ = 0, and let x" be any other point of A'. Sims* A is a n mt ittumu 
there exists a continuous are C* entirely interior to A' joining 
x' and x", and the corresponding continuation curve he 

defined over the whole of the are C,. Hence jt" is also the pro¬ 
jection of a point of the sheet of solutions through t.r'; y'\. The 
rest of the theorem follows at once. 

If the curve C xv in the last theorem but one is deft tied over the 
whole arc C x , and has initial and end points // and p", respectively, 
then there always exists a post tire constant p such that any curve I’, 
lying in the p-neighborhood of the curve V, and joining ,r' to .r", 
has a unique continuation curve also joining p' and p". 

The curve 

(T.) a: = £<(*/) (i ~ 1,2, •••,/«; u' • « ■ w"i 

is said to lie in the p-neighhorhood of V, if there exist s a continuous 
function 

(14) t i(u) (o' ■ it ■ a”) 

taking the values t', t" at the eiuls of the //-interval, ami stub 
that the point a on F Jt defined by any vuluc of //. lies in t he neigh¬ 
borhood a p of the corresponding point a of V, determined bv 
the relation (14). 

It is possible to choose two constants, « and S • «. so that the 
neighborhoods p, and a t have the properties described in tin- 
theorem of § 1 uniformly for every point pUt, b) on the are f 
If not, there would be a sequence of points //* on with it limit 
point x, for which the largest possible constants t* have the 
limit zero. But for the point x there is an effective constant 
e > 0, and the constants «* could not therefore decrease indefi¬ 
nitely in size. A similar argument shows the existence of tin- 
constant 5. 
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Suppose now that the interval u' ^ u ^ u" is divided by 
values Uk (k = 1 , 2 , • - *, v) into sub-intervals so small that the 
points of any arc a^iak, corresponding on 1\ to the values 
Uk~~\ S, u v kt all lie in the ^-neighborhood of the point a^u 
and further so small that the same is true with respect to the 
point ctk-i of the arc of C x corresponding to 0Lk~ia.k by 

means of the relation (14). The constant p is supposed to have 


a/’ 
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been chosen equal to |8, so that the curve V lies in the |S- 
neighborhood of (\ Then the four-sided closed curve formed by 

the two straight lines .a** j and and the two ares a* 

and o* ky*, lies entirely within the ^-neighborhood of the point 
(tk i. The* two continuation curves in the .r//~space\ starting with 

tin* point jib . i on and having as projections the ares ru \ttk<*k 

and in im respectively, lead to the* same* point corre¬ 
sponding to the* point <v* in the *r-spaeo. 

It is possible to argue*, them, that the point tt\ cm the* continu- 
ation curve* of the* are n'm is the* same as that of the <*emtinuation 
curve for edeqoi, since the arcs u*a\ and ti'a j«t lie entirely within 
the* 5-ueighhorhood of the* point a*. Similarly, the point wt 
for the are* a'a* is the same* as that for the* continuation curve 
along a'mjosj. And finally the point tt" must eoineide with //', 
providee! always that the initial points tt' and // of the earn- 
tinuiition curves are the same*. 



28 


THE PRINCETON COLLogriTM. 


In particular if the curve (\ !f is defined aver ike udode are (\ t 
as described above , then there exists a polygon in tin • x-sptur joining 
a' and a" in the p-neighborhood of (\, and along which there is #i 
continuation curve in also joining // and p\ The polygon ran 
be so chosen that no tieo adjacent sides have more than an # ml point 
in common. 

To show this, let the interval t* ' ! * T* he <ii\ tdt*<l in an\ 
way by means of points of division t\ i :u ■ • *, i ft T\ and let 

the corresponding points on the curve (\ iw be hr"; y) t iif\ g*) t 
(£ (p) ; V (v) )i (x”\ //")• The straight line /, ' i' i/r fyin the 
equations 

;r ; = $,<« + («. u ' ” “ • u 1. A ■ - . /« .. 

Since the functions defining V, arc continuum, ami therefore 
uniformly continuous, in V s t ■ it is possible t.. take the 
points of division t\ f 2 , t s , /" so dose h*r that the 

differences .r - £<*>, for any point .r on tin* an-; !, i 1 ‘ 11 «,f nu - 
uniformly less than an arbitrarily assigned positiv c constant r\; 
and the preceding theorem shows that the curve r, a aii.l the 
continuation curve along the polygon both load from ,/ to 
If the sides £**'£** 111 and 1 "C * uu bitvo ntoro fban t bo point 
P +1) in common, then one of the two would bo inoludod .ntiteh 
w.thin the other, and the eoutimiation curve along ; ' ; ' • 
would have the same end points as that along the two mir . i%>- 
sides. Iherefore, by replacing adjacent sides In a -tingle otto 
whenever the two have more than one cm! point in common, j( 
polygon as described in the theorem can be found. 

§6. Auxiliary Iiikokkmh wit lH,n\tTto\s 

In this section it is proposed to record some theorem * which 
will be of service later, especially in the proofs of «(„. ,| lf , )( f 
S • In the first place let it he agreed that a regular curve in 
the plane shall mean one whieh is continuous and has « well- 
defined tangent at all except possibly a finite number of point . 
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at each of which, however, the slope of the tangent approaches 
definite limits as the point is approached from either side. 
Analytically this means that the functions 

a* = .r(/), if = //(/) (/' £ / £ /") 

defining a regular curve are continuous in the whole interval 
f f that they are differentiable and satisfy the inequality 

(15) (dx/dt) 2 + (dp/dtf + 0 

at all except possibly a finite number of values of /. At an ex¬ 
ceptional value i = r, whew the* derivatives are not well defined 
or where the expression (15) vanishes, the 1 angle tp defined by the 
equations 

dxjdf . di/fdf 

yhdxplt) 2 + (dtf/df^ \{dxjdi) 2 + (dpflf) 2 

has nevertheless a uniepie limit as t upproaehes r on the right, 
and a uniejue limit as i uppre>ue*he*s r on the left. These two 
limits are* not newssarily the same*. 

It is known that a simply closed regular curve (* in an ,n/~ 
plane dividers the plane into two eontimm, an exterior and a 
finite interior.* Any two interior points can be* joined by a 
regular curve every point of which is an interior point, ami a 
similar statement holds for exterior points. Any continuous 
curve* joining an interior and an exterior point must have on it 
at least one point of the curve (\ and any point p on (' can be* 
joined with an interior point by a regular curve* which lias in 
common with C only the* point p. 

The interior of a simpip closed regular carte 

x ^ Jin, p pit i u f < t t”) 

can he divided hg a finite number of segments tf straight tines into 

* Sin* far rxsnnph* < I^rhrlmrh tlrt Funktiotiruthrorir, C’lmptrr V, 

§§ 1 i\\ Blw, *‘A proof of ihr ftmilumrntnl throrrm of umlymn niitH,” HuiltUn 

of thv Afwnmn MnihrmtiUml Son*ty, vol. 12 cliiOtl), pane SllCt. 
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regions each of which has a maximum diameter less than an ar¬ 
bitrarily assigned positixe constant «.* 

Let the maximum and minimum values ut ;/ in the internal 
t' £ t ^ t" be ?/i and .?/», and let /m and ;<» be two points ut (’ 
at which y has these values. It is <lesired to slum that there i t 
a segment p'p" of the horizontal line y (i/t 1 - which 

forms with 0 two simply closed regular curves, 

P r P^V"f'> each containing one of the points /o and /<••. 

The points pi and pi can he joined hv a regular curve /> w hieli, 
except at its end points, is interior to ('. Two ares of It adjoining 
Pi and pi, can be marked off in such u way that they do not cut 
the line y = (t/i+ j/i)/2. The remaining are ft' of It h» entirely 
interior to C and can be replaced by a continuum^ polygon It" 
with a finite number of sides, having the same end points and 
consisting also of interior points of (' only. Any mb- of It" 
which has an end point in common with the line// (;/t 1 </.■’ 2 

may be rotated slightly about its either end point, ami in thin 
way it may be brought about that It" has only interior points 
of its sides on the line y — (i/i + !ht 2, and actually cruv^s the 
line wherever they have a point in common. 

The polygon I)" must intersect, y ~~ (i/t 1 yftl 2 at least once, 
say at a point p, since one end point of It" is above and the other 
below this line. There will be a segment p'p" of y Uj\ i i/d 2, 
containing p and such that p’ and //" are on the curve C while 
every other point of the segment is interior to V, There can la- 
only a finite number of such segments p'p" containing points 
of 1)", since T)" has at most a finite number of intersect imi-i with 
the horizontal line. There must be at least one segment on 
which D" has an odd number of intersection points, since other¬ 
wise both end points of I)" would be on the same side of 
y = (2/i+ yi)l%- If p'p" is such a segment, then it forms with 
C two simply dosed regular curves p'pip'p' and p'ptp"p‘, 
one of which contains pi and the other p a . For after its hist 
intersection with p'p" the polygon It" and hence /., is entirely 
exterior to the curve p'p\p"p'. 

* For a similar theorem see Osgood, loc. eit., Chapter V, |H. 
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For the moment that part of a curve which does not lie in a 
horizontal line may he called the effective are of the curve, in 
view of the fact, that the altitude of the curve can not be more 
than one half the length of this so-called effective part. If the 
altitude of any curve is ^ €, the effective' length of either of its 
two parts after subdivision by a horizontal line segment, as 
described above, will be < L — e f where L is its effective length. 

If the altitude ?/i — of C is greater than e, then the effective 
are of either p'p\p"p r or p r jhp f, p f will be greater in length than 
and the effective length of each will also be loss than L — €, 
where L is the perimeter of (\ If the curve p ! p\p rr p\ for example, 
has still an altitude greater than e, it may be subdivided by a 
horizontal segment, as before, and the effective arcs of the two 
new curves so found will be less than L — By a continu¬ 
ation of this process the interior of ( i will be subdivided finally 
by curves whose effective lengths art' less than and whose 
altitude's are therefore less than €. 

In a similar manner the regions so formed may he subdivided 
by vertical segments into others whose breadths are less than €, 
and the theorem follows at once. 

A set of points in an Airplane is connected if any two of its 
points can be joined by a continuous are whose points all belong 
to the set, and it is further said to be simply connected if every 
simply closed regular curve in it has an interior which also 
consists only of points of the set. 

It is more difficult to set down a satisfactory definition of 
simple connectivity for sets of points in an w-dimensional space. 
In the following section of these lectures, however, a special type 
of simple connectivity is needed which may be defined by means 
of some simple' auxiliary conceptions. 

A normal eubepacc of two dimension# in a region X of points 
(x u xa, • * *, x m ) is a totality of points defined by equations of the 
form 

x & — *£**(m i, uf) (/ — 1,-2, *’*,///)» 

where 



32 


TI1K l’ltlNCKTON niUJtql'H'M. 


1) the values (u u Ws) range 11 ^ in Pl v <’<»iineetcti regimi f h 

2) no two distinct sets of values w <lrftuc* the Mime point .r; 

3) the functions <p are continuous and have riuitiiiinu!^ lir^f 
derivatives in U; 

4) the determinants of the second order of I hr matrix <4 
derivatives |jd^*/dm*|i (i — 1* ‘-h *•*» mi k 1* d“ 111,1 *dl 
vanish simultaneously at any point of t . 

A simply connected region in two dimeuMoie* b defined itbmm 
and a connected region A in a space of points i.r s . jr it ■ • *. jw 
has a definition quite similar to that for two dmiejidoire In 
order to specify conveniently the properties of a region ,V which 
is simply connected, the term elementary nitre will ul*u be used. 
By an elementary curve in X is meant a dimply Hosed < ontimmu * 
curve which either lies in a normal subspit ee of two dmmrmm% 
entirely in the interior of Ah or else is such that mrwtx neighbor* 
hood of it there is a simply closed continuous etir\e timing lltb 
property. It is thus seen that while an elementary nine mm 
not itself be imbedded in one of the two-dimendomd normal mb* 
spaces interior to Ah it can nevertheless be approximated a * 
closely as may ho desired by one which does. The word neighbor¬ 
hood is here used in the sense described in connection with tIn- 
fourth theorem of § 5 (see page 2bi. 

If a region A" is connected, then any simply closed eoniiotiuiis 
curve in its interior may be developed into two stirli rune> h\ 
an auxiliary an* joining two of its points, ntnl tlir prucr^ of 
development may be continued on the two nres so formed. 

If (i region X is such that a tty si m ply ehmd etmhnwms rarer m 
its interior is an elementary curve, m may hr dnetoprd mli# n 
number of elementary curves hy means of nuailitiry arcs, as just 
described, then X is said to be simply mumetal ,* 

* For a dincuBsioa of the connectivity of higher spares, m* Pi* .ml <m4 Min.ii? 
Th<$orie dcs Fonction« alp^briques de deux Variithlt* mflrjwntl mu » I Upim* 
II, in^particular §§ 11 ff. If every simply elomst toftftstttotr# mtt%r u*n i<<*» 
to R lies in a normal gubspace of two dimension* interior to }i, »»nr ht* mm - 
itively that a second neighboring sulwpaee «f the wimr hmd «m t«* 4 

through the curve. The closed twtwlimensiomil %» h<nw4 m 
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§7. A Criterion that a Sheet of Solutions be Single¬ 
valued 

Consider in the first place a set of equations 

(16) A(&i, * 2 ; yi, y 2 , • • •, y n ) = 0 ( a = 1, 2, • * n) 

in which there are but two independent variables x. 

If a connected sheet 8 of solutions of equations (16) consists only 
of ordinary points of the functions f, and furthermore has a simply 
connected projection X in the X\x 2 -plane such that no interior 
point of X is either a point where S becomes infinite or the pro¬ 
jection of a boundary point of 8, then the sheet 8 is single-valued 
over the interior of X . 

Suppose, in contradiction to the theorem, that over any 
interior point of X there were two points, p f and p" of the sheet. 
Since S is connected there would be a continuous curve 

( Pxy .) #1 %i(f), x 2 == x 2 (f), y a = yjf) 

(f £t^ t"; a = 1,2, ---,n) 

consisting entirely of interior points of the sheet and joining p r 
with p" in the space (x; y). The projection 

(C x ) xi = xi (t), x 2 = x 2 (t) (f^t^ t") 

of this curve would necessarily be a closed curve in the a^-plane, 
and by the second theorem of § 5 the arc C xy is the only one 
associated with C x in the sheet 8 and having the initial point p r . 

The curve C z may be simply closed and regular; but if it is 
not, there will nevertheless be a curve in the region X having 
these properties, and for which the continuation curve analogous 
to C xy is not closed. For, in the first place, from § 5 it is seen 
that the curve C x may be supposed to be a polygon no two ad¬ 
jacent sides of which have more than an end point in common, 
provided that it is desired only to secure a continuous curve in 

separated into two parts by the curve, and hence the number which Picard 
and Simart designate by pi is equal to unity for a simply connected region of 
the kind defined in the text above. 

4 
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the sheet passing from // to //'. Lot tin* corners of this polygon 
in the /-plane be denoted b.v £j, here £ is n s\ mho! fur 

a point (ari, .T 2 ). The side £„£;i touches at its end point ;‘ n 
and it can be argued therefore that there will be some first side 
which touches some one of the preceding sides elsewhere 
than at its initial point £ A . Lot tIn* side so touched h\ 
be £*£„+!, where k + 1 is necessarily less than X, and let the first 
point of £ a £ a+ i which lies on $,$„ n be £. If the portion of the 
curve C xy which corresponds to the polygon 

(17) £, £hi. f«(s. L. i 

is not closed, then the polygon (17) itself is a simply closed rune 
in X of the kind desired above, that is, one along whirh there 
exists a continuation curve in the ///-spare whose end points 
are different. 

If the portion of (\ v which corresponds to (17) is closed, then 
that part of C x „ which belongs to the polygon 

(IS) in fct. •••> $«. (us •••> i*, it 

is also continuous and leads from // to //'. Since K } | . \ 
the side ? (+ i^ +2 at least, is missing in (IS), and the number of 
sides is at least one less than that of the original polygon, ih 
an alteration of the kind suggested in the proof of the la-.t theorem 
of § 5, which also reduces the number of sides, it run be brought 
about, if not already true, that the polygon (!m „ f i)i lm 
two adjacent sides with more than an end point in common. 

. By continuing this process one must come at some stag,, to H 
simply closed regular curve in the /-plane with a corresponding 
continuation curve in the ///-space which is not closed. In order 
not to complicate the notation too much it muv be supposed 
that the curve (! x itself is such a curve. K\crv point of C }., 
an interior point of the region A' since the corresponding po’int 
of C xv is an interior point of the sheet .S'. The interior of (', 
is therefore also composed entirely of interior points of V since 
X 13 SimpIy C(,,inwtwl - If th <‘ hiterior of <’, U subdivided into 
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two parts by a segment of a straight line, as described in the pre¬ 
ceding section, the dividing segment will also have a continu¬ 
ation curve on the sheet $ throughout its entire length, by the 
second theorem of § 5. For its initial point on the curve C x 
corresponds to an interior point of the sheet S and, by the hy¬ 
pothesis of the theorem which is to be proved, none of its points 
can be a point where $ becomes infinite or can correspond to a 
boundary point of S. Hence one of the simply closed curves 
formed by the curve 6 y x and the dividing segment is a curve 
retaining the property that it has a continuation curve on 
the sheet H which is not closed. Suppose that CJ is this curve. 
By continuing the process a sequence of curves (t y x (A:) }, with 
diameters approaching zero, can be found, each lying in the 
interior of C x and having an unclosed continuation curve C x f k) 
on S. 

If a point p {k) is selected arbitrarily on the curve C xv (k \ the 
sequence I;/* 5 ) (&=1,2, ***, oo) will have a finite point of conden¬ 
sation 7r(cr, j3) in the *n/-spaee which is an interior point of the 
sheet N. For the projections x ik} of the points p (k) all lie in the in¬ 
terior of f y x and hence must have a point of condensation Fur¬ 
thermore the points of thesequence p ik) whose projections are in the 
neighborhood of a can not become infinite or approach a boundary 
point of the sheet, since a is interior to A". They must therefore 
have at least one limit point w which is an interior point of the 
sheet, and with winch there are associated two neighborhoods 
7r, and by the principal theorem of § I. Home of the points 
p a,) lie in tt«, and have corresponding curves (\ ik) in For 
such points the continuation curves ( x „ a ' } also lie in tt% and can 
not be unclosed, since to any point x in ot& there corresponds in 
71 % at most one solution of the equations / = 0. The original 
assumption that *S is multiple-valued in the interior of A' is 
therefore contradicted. 

The theorem remain# true for any xijxtem of equation# of the form 
(HO AOn -Tip*; 7/i, 7 / 2 , * • % //») = 0 (« = 1, 2, - * *, n). 




FUNDAMENTAL EXISTENCE THEOREMS. 


37 


With a continuous curve C joining (w/, uY) to an arbitrarily 
chosen point (//i, %) of U there is always associated a continu¬ 
ation curve of solutions of the equations (21), having the initial 
point pu and defined throughout the whole of (.•, since any such 
curve defines a curve in the .r-space interior to X along the whole 
of which there is a corresponding continuation curve for the 
equations (19) in the sheet N. lienee there is a unique sheet N u 
of solutions of the equations (21) whose projection in the ViU«- 
spaee is U ; and no interior point of U is a point where the sheet 
becomes infinite or corresponds to a boundary point of the sheet, 
since the same is true of tf with respect to A\ The preceding 
argument can therefore be applied to show that the sheet S u 
is single-valued over the region U 9 and the existence of the curve 
(■ uy with the distinct end points p u ' and p u " is contradicted, 
lienee (\ ry can not have distinct end points // and p", and the 
theorem last stated is proved. 

§ S. Transformations of n Variables and a Modification 
of a Theorem of Sciioknfues 

It is interesting to deduce bv means of the preceding theorems 
some conclusions concerning a system of equations of the form 

(22) /*(.r; //) = *r» — jfa * * *»//») = 0 (<v = 1,2, • ■ a)* 

The functions ^ are once for all assumed to be single-valued, 
continuous, and to have continuous first derivatives in a con¬ 
tinuum F in which the functional determinant 

/> ~ <3(^1, ^2. * * u //2. * * ' * !fn) 

is different from zero. By a continuum is meant a set of points 
consisting only of interior points any two of which can be con¬ 
nected by a continuous curve lying entirely within the set. 
The boundary points of Y will be denoted by ll, and X will 
represent the set of points in the .r-space winch corresponds to Y 
by means of the equations (22). 
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Any sequence {y W) ( of points (// t u \ yj 1 ', y„ tl ') 

(Ic = 1,2, • • •) in Y, which approaches infinity or has a point of 
B as limit point, defines a corresponding sequence of points 
{x (l) } in X. The set of points of condensat ion for such sequence-. 
{x w } will he denoted by -l. 

The totality of solutions of the equations (22) mm -spundiny to 
points of the contimvmn Y form a siutjlr rouuectrd shu t S whose 
only boundary points have projections ,r anil y in the sets .! anil It, 
respectively. 

For suppose that (/; y') is a first solution mid <.r"; y”\ am 
other. The points y' and y" can he joined b\ a continuous 
curve interior to T 

?/« = y*(t) (<*» 1,2, •■*,//; t' ■ t ■ r i, 

and the corresponding curve 

‘t’a *Va{tY Pa 

defined by equations (22), is a curve interior to the sheet .s' and 
joining (x'i y') to (.r"; y"), so that .S' is evidently connected. Auv 
boundary point (a;/3) of .S’ must be the limit of a sequence of 
points pW> for which the projections y are in }'. The limit J 
of the sequence y w can not, be in T, since then (o;p). b\ the 
theorem of § 1, would be an interior point of .S', Hence #< mu**t 
be in B and a in A. 

One may say further that if //*> is a sequence of points 
in S for which the sequence .)•'*> approaches infinity, thou the 
only finite points of condensation possible for the sequence 
y W are in The statement is true when .r and y ,t ri . j Itt ,. r „ 
changed, on account of the definition above of the set ,f. 

If the points of the set A are distinct from those of the image X 

of Y, then X is a single continuum whose only boundary t >mnts 
are points of A. 

To prove this, consider an arbitrarily chosen ,a.it,t y' of 
None of the points in a suitably chosen neighlairhtKHl of the 
corresponding values x' are points of .1, since by the fundamental 
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theorem of § 1 all such points correspond by means of equations 

(22) to points of F, and are therefore points of X. Consider 
now the continuum -V consisting of all points x which can be 
joined to x' by continuous curves containing no points of A, 
a continuum to which the neighborhood of x f certainly belongs, 
as has just been shown. 

AH the points of A' are in the continuum A\ since the solutions 
of equations (22) corresponding to points of Y form a single 
connected sheet ti. The curve in 8 joining (x r ; y f ) with any 
other point (.r"; y tf ) of the sheet has therefore a projection in 
the .r-spaee joining x f with x" and containing no points of the 
set A . 

All of the points of A" are points of X. For any set of values 
x in X cun be joined to x' by a continuous curve O x lying entirely 
in A' and containing therefore no points of A. By the second 
theorem of §5 the corresponding continuation curve C xy must 
extend along the entire an* (\, since otherwise the values of y 
for points on (\ v would approach infinity or else have a limit 
point on the boundary H of F, and some point of C x would in 
that ease necessarily be a point of A, It follows that a\ like x', is 
the image of some* point y in F. 

From the initial theorem of the* last section, for the case when 
there are more than two variables, it follows that 

If A is distinct from X, and X is simply connected in the seme of 
§b„ then the sheet 8 is single-valued. In other words the continuum F 
is tranformed in a one-to-one way into a continuum X by means of 
the equations (22), and the functions 

(23) * | 4 (^n x u • x n ) (a = 1,2, - n) 

so defined over X are single-valued , continuous, and have continuous 
first derivatives . 

The character of the functions (23) near any point of A" follows 
at once from the theorem of § 1. 

Let it be supimsed that the set of points A divides the x-space 
into exactly two contimm A\ S such that every point of A is a bound* 
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ary point for each of them, and suppose furthermore that there is a 
particular point £ in S which does not correspond hy means of the 
equations (22) to any point of Y. Then the intmje X of F is 
distinct from A and coincides with X. If X is simply connected 
the other conclusions of the last, theorem follow at once. 

In the first place it can he shown that if any point if of 
corresponds to a point of 1' then every other point of 
would also have this property. For £' and if' ran he joined hy 
a continuous curve 

= x.(t) (o 1, 2. •••.//; t’ t • /") 
entirely interior to E. The corresponding continuation oune 
•fa = J-«(0. IU 55 tuU\ 

of solutions of equations (22) must he defined along the whole of 
the interval t' <it £ I", since otherwise as t approached any 
upper bound r of the values t which eottld he reached hy con¬ 
tinuation, the corresponding points y of the curve would have 
to approach infinity or else have a point of condensation on the 
boundary of F. But this is impossible, since for a sequence of 
points x corresponding to a sequence of points in F approaching 
infinity or a boundary point of F, the only limiting points possible 
are at infinity or else in the set A. It follows at once, on account 
of the hypothesis of the theorem, that no point of Z can correspond 
to a point of F, and neither can any point of .1, since in any 
neighborhood of such a point of A there are points of Z which 
in that case would also correspond to values y in F. The image 
of the region F in the .r-space is a single continuum whose only 
boundary points are points of A. According to the {.receding 
argument it cannot be E and it must therefore lw .V. 

A modification of a theorem of Sehoenflies can he deduced 
readily from the results which premie. The theorem has to do 
with a pair of equations of the form 


( 24 ) 


= Myu yA, 


» \hi(yu yA 


m m 
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in which the functions \f/ are single-valued, continuous, and have 
continuous derivatives on a simply dosed regular curve B of the 
//-plane and in the interior Y of B . The functional determinant 
{) =: fl(\f/ u ^n)/d (// u j/ 2 ) is supposed to he dilTerent from zero in Y. 

If the curve J in the x~ plane fanned by transforming the simply 
closed regular curve B In the y-plane, hi/ means of the equations (24), 
is distinct from the image X of the inferior Y of B , then X is a 
sim pig connected continuum whose onhj boundary points are 
points of J, and the correspondence defined between X and Y is 
onr-to-onc, The single valued functions 

(2f>) }f\ - y i(x u .r 2 ), // 2 = y«(x u x»), 

so determined in the region X, are continuous and have continuous 
first derivatives.* 

From the preceding theorems of this section it follows that 
the complete image X of Y is a single finite continuum whose 
only houndary points arc* points of J. It remains to show that 
.V is simply connected and that the 1 correspondence between X 
and Y is one-to-one. 

If any simply closed regular curve* (\ is drawn in X, its interior 
must consist entirely of points of .V. Otherwise there would 
necessarily In* a boundary point of A\ a point of the curve J, 
interior to O,, and there* would also he points of J exterior to V x 
since A' is finite. Hence there would necessarily he a point of 
the continuous curve J cm V t itself, which contradicts the as¬ 
sumption that J and X are distinct. It follows at once from 
the first paragraphs of § 7 and the simple connectivity of A” just 
proved, that only one point y in F corresponds to a given x in 
A\ itiuf*hy the theorem of § I it may he seen that the functions 

* Sehoenflien iwMinml only the continuity of the fund ions adding, 

however, that the rorre**jwmdenee dcftnwl between the regions A* and F of the 
two planes in to be one-to-one. In the theorem here proved and are 
Hubjertwl to further continuity rent rift ionx, but the correspondence i« proved 
to be unique. 8ee Srhoenflies, ** Ueber einen Hat* der Analysis Situs,” 
(iiHlmgtr StwhrichUn UHlHh, page 2K2. The theorem wan later proved by 
Osgood and Bernstein in the same journal (HHM)), pages 04 and UK, reapeetively. 
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(25) have the eontiimitv properties described in the theorem in 
the neighborhood of any particular point j\ 

Another theorem, slightly different in form, ma\ be .fated a, 
follows: 

If the images of the points of the simpip elosnl agular ran# /1 
in the y-plane all lie on a sintptif closed regular mar J /// iht x plane, 
then the equations (24) define a one-to-one ntrrespondt mr httint u 
the interior X of A and the inferior V of H, amt the fimrtmns ipd» 
so defined have the same eontinuihj properties as In fort , 

In this ease it can first lx* shown that tin* image /' of an\ point 
y f in Y must he distinet from J, and tin* re-4 of the proof i. the 
same as before. For, if Y wen* a point of J, e\ en point of 
a properly chosen neighborhood of x* would nhu lie the image of 
a point of F, since at (x'; if) the functional ileterudtianf of 
equations (24) does not vanish. It would follow then, h\ con¬ 
tinuation, that every point exterior to the eum e J would al »<> 
be the image of a point of F, which is impossible dnee thefunrtum* 
^ are finite. The <*ontinuum A' is therefore identical with the 
interior of A % by the preceding theorems, and the eorrr .pondi-nei* 
between X and Y is one-to-one. 

An example applying some of the theorem** of fi :», s i» gm*n 
at the end of § 14. 



CHAPTER II 

HINCUILAH POINTS OP IMPLICIT FUNCTIONS 


The theorems which have been developed in the preceding 
pages of these lectures have to do with the behavior of implicit 
functions at ordinary points, or in regions which have no singular 
points in their interiors* For singular points where the functional 
determinant vanishes the theory is much more complicated, and 
no methods which can he comprehensively applied have so far 
been developed. There are, however, many special cases in 
widely different fields which have been studied with success, 
and it may not he out of place to glance at a few of them before 
proceeding to the further theorems with which these pages are 
primarily concerned. 

Perhaps the most complete single theory which has been 
developed is that which lms to do with the singularities of an 
algebraic function y of x determined by an equation of the form 

(1) /Tr, y) - 0, 

where P is an irreducible polynomial in the two variables x and ?/. 
Suppose for convenience that the singular point to be considered 
is at tin 4 origin, and that the polynomial ITb ?/) has a lowest 
term of degree n in //. Then it is known that for each value of 
x in a sufficiently small neighborhood of x — 0, there exist exactly 
a solutions |/ of equation (1) in the neighborhood of y « 0 f and 
the values of these solutions are given by k cycles of the form 

(2) y « n t x^ Pl + a/x**' h + * • - (j « 1, 2, • * •» k) f 

where the numbers p are positive integers satisfying the 

relations 

pi + pt + 4 * * + Vh * n. 
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The series is one member of the cycle; the others arc found by 

replacing x' ! » by u's'* (r~ 1 • 1uhl ' ,v il 

primitive pj-th root of unity. The number />, \v.t-. no factor in 
common with the exponents • • •• Othcnu c the e\p.-u. h-n 

would be in terms of a root of .r of lower order than Tbits 
there are in all » series in fractional power, of ,r which define tin- 
roots of the algebraic equation in the neighborhood of the origin. 
The coefficients of the series may he computed h\ mean . of tin- 
well-known Newton polygon,* or by method * dm- to f lum- 
lun-gert and Brill-t If the substitution .<■ /’ i. made in tin- 

series (2), the points (A )/} which it define. may b>- • spre ed 
in the parametric representation 

;r = f", y = **\(yj + «r/r' i * * * I U I 

All the solutions of the equation fit in tin* inn^hl h *rli< of fin- 
origin evidently belong to a finite number of. Mtch bnim-lto *, 

With the help of the preparation theorem of \\rirr*fnt m 
which is to he studied in the following page*, n -ult < •■dinilnr to 
those just given may he proved for the solution’* of an rqtmfictt 
F(x, y) = 0 in the vicinity of any point where ¥ t-» unuh fir. 

The singularities of a surface 

Fu\ //, :I ^ ii 

at a point where the function F is analytic have nl*.o bent ex¬ 
tensively studied. The points of the surface in the neighbor¬ 
hood of a singular point are determined U\ menu* of n tiuitr 
number of expansions of the form 

*r ® P(u> r), y ^ Q{u, ft* 

where P and Q are analytic in the pummelern u nnd r.§ 

* See Appell and Gountat, ThtWie de« Fonctiom* tilnHintfitr», §t§* m i it 
t Weierstrass, Werke, vol. 4, Kapil Hi 1. 
t Miinchener Benefit vol, 21 (IKIH), p. 207, 

§See Black, “The parametric repremmtatmji of ilir nriilil MlflllKwl *4 14 
singular point of an analytic surface,’ 1 VtHcwdinyn #>/ ff$f A m* ,|rn#fr»i|f 
of Arts and Sciences, vol 37 (HK)2), p, 281. 
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In the calculus of variations the construction of “ fields of 
extremals ” in the plane requires the study of the real solutions 
of a system of equations of the form 

(H) *r - a), // = M a). 

The extremals are the curves in the .ry-plane defined by these 
equations for different values of a . Suppose that the parametric 
value's 

(4) in f t u U ~ «u 


define an are K which does not intersect itself and which consists 
entirely of points where the functional determinant 


(o) 


A{/, a) 


d(<p, $) 

tl(/, (0 


is different from zero. Then to any point (j\ t/) in a properly 
chosen neighborhood of E there corresponds but one solution 
(/» tt) of (apmtions (d), in the neighborhood of the values (4); and 
the functions 

t "■ /U, #/), a = aU, //) 

so defined have continuity properties similar to those of and 
themselves.* Tin* neighborhood tlms simply covered by the 
extremals (III is the 11 field,'* and is perhaps the simplest example 
of tin* notion since it consists only of non-singular solutions of the 
equations (IP. 

When it is desired to find an are V which minimizes an integral 
with rrM|>eet to variations lying entirely on one side of (\ a field of 
a different sort can he constructed,! The equations of the 

Tin* mat Inanat teal literature concerned with the xinguhiritieM of a curve 
or mirfnee, part ieutnrly their transformation into simpler types, is very large, 
The render is referred to Pascal, Keperforium tier hoheren Muihematik, 2d 
edition, vol. 2* erste Uitlftc, pp, 2!H ft; anti Kneyelopadie der Mathematwehen 
\Vhwennelmften, 11 H 2, p. UU* and 111 V 4, pp, :t(h r i IT. 

* Hokit, Vorlemmgen fiber Vnriation.Hreehmmg, pp. 24IUT. 
f HUms, " Sufficient condition* for a minimum with respect to one-*ided 
variation^*’* Tmumuiimm of ihr Amtnmn Mnlhrmaiiml S erirff/, vol. a iHHHi, 
p, 477; Hob,a, ” Existenee proof for a field of extremals tangent to a given 
curve,” ibid.* vol, K tlWTi, p. 2!HL 



46 


TJIK PIUNCKTON <'OU,(K|I It M, 


extremals (3) can be taken so that for f - 0 they all iutiTM-rt {’ 
and are tangent to it, and the equations 

x = q»((), <(), i/ - ^(0, a l 

will then be the equations of V. If the curvature. of the two ares 
at their point of contact are always diU'erent. then the extremal 
arcs E simply cover a portion of the plane ,Y on one -,hie of V 
and adjacent to it. In other words, the equations tilt define a 
one-to-one correspondence between the point, of Jt region ad¬ 
joining the axis t = 0 in the /(i-pluue, show n in the aeeotupaux ing 
figure, and a certain neighborhood ,Y on one side of the are r. 

i« 



■t 


In the interior of the region ,V the function-* for, »■, » Unw 
continuity properties similar to those of v* and 4 tiimisehe,. 
It is easy to see that this is a ease in which the funetiomd de¬ 
terminant (5) vanishes along the boundary / it of the region to 
be transformed, since the curves C „„d /,* im . ,d ttil> , 

In a paper published sinw* fhe.st* Iwtun** m, J > r , K, J 

Miles* has consid ered the transformation defined by the equation 1 

„ *‘‘^ ( ;, abs . olul( : min “ «rf*definite iaiegrnt 

adwm of the Ammcm Mathematical .Society, vol. ta , JtJ , -iV „ 
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(3) when the curve V to which the extremals E are tangent has 
a cusp, a situation corresponding to still another problem in the 



calculus of variations. In that case a point (/*» d\) and a curve 
F through it are transformed into a point (xu ?/i) and a curve 0 
as shown in the figure. One portion 2 of a neighborhood of 
{t u uj) is then transformed in a one-to-one way into the leaf 8, 
and the other portion into the leaf S'. At any point in the 
interior of one of the leaves, the variables i and a are single¬ 
valued functions of *r, tj having continuity properties similar to 
those of ip and The transformation is singular along the 
curve I 1 . 

The* three examples which have been just described are only a 
few of the many proofs for the? existence of fields involving trans¬ 
formations with singular points which might he cited,* Nearly 
all (d these have* to do with singularities of transformations of 

the form 

(0) x x* r), // * $(ji, r)» 

* HUhh, “ The const ruction of n field of extremals about n given point,” 
HutUtm af the Amrrimn Mathematical Society, vol. Kf (llHHB, p. 47; Mason 
and Bliss, “ Fields of extremals in spare,” Tranmctum* of the A mrrimn Mathe- 
twiiiml Society, vol. II (HUO), p, 325; Bill, “The const ruction of a Hpare 
field of extremals,” Hal let in of the A mrrimn Mathematical Society f vol. 15 
p, 374; Bssflrs, ** Hur lVxtrfanale «jui joint deux points donnas,” Mathe- 
mtUmche Amtmkn » vol. 71 f 111121, p. 3K0, The methml uses! by Saties is quite 
closely that of Mason and Bliss in the paper mentioned above. 
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or 

X = ?(w, % w), !/ = l\ W 1 ), - :: ' z 

which have been studied also in a series of papers of more remit 
date presented as dissertations for the degree of doctor of 
philosophy at Harvard University.* Tin* methods which Itavr 
been used in the different eases have differed widely, and it does 
not seem possible at present to formulate a theory which inelude.s 
them all. It is the intention of the writer, howe\ er, to ^how in 
the following pages how the transformation theorem^ jm»\ed 
above in § 7 may he applied to throw much light on the nature 
of real transformations of the form (fd in the neighborhood * of 
singular points. In the seetion of the lectures immediate!) 
following this introduction a simple algebraic proof of the 
preparation theorem of YVeierstruss is ghem not depending 
upon the theory of functions of a complex \ unable, A general* 
ization of it is given in a later seetion which, in what might hr 
called the general ease, enables one to describe the brlm\ ior of 
the solutions of a system of equation?* of the form 

M*u T'i, • • •, !Iu !h, * * *» //J - 0 U h • * in 
in the neighborhood of a point where the functional dcfrnuiimnt 

< n/uh • 

<Hllu th* * * n //«> 

vanishes. For these equations the variables ,r mid tj are per* 
mitted to have complex values.t 

* Urnor, “ Certain singularities of point tmitHforinnOuti» in *p;». v ..i listr«* 
dimensions,” Trannadiom of thv A mrrmm Mnihnmtimtl frm n iy , \ % 4 \:\ nog 
p. 233; Clements, “Implicit, functions defined by e»pmn«»nH w ah t ufudniiK 
jacobian," to appear in the same journal, Dwlerirk, in » |m|«<r rttistM " 1 hr 
solutions of an equation in two real variables at u pant uherr I»«!« ihr \uuUil 
derivatives vanish,” Build in of t hr Amtnrttn MttthrmaUml *,*., 0 ,. * M | ft* 

(1909),p. 174,hasdiH(HiHHC(l thcsinicukntii^of nrunr of ilir It.fin I' i, y - o 

with the help of a sort of generalisation of the Weiorxtrn** prepammm ihrot*oo 
for a function which is not necessarily analytic. 

t The proof given in these pages for the last-mentioned ihvntvm » f»t t In¬ 
case of two variables y. For n variable# see the reference m thr hmim^r 
to § 13. 
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§ 9. The Prki’akation Theorem ok Weieuhtrahh 

Tin* theorem which is to he proved may he stated in the 
following form: 

Lti f(.r i, .r->, • • •, .r„„ y) be a convergent series in fk<> variables w, y, 
and such that the series /(0, U, •■•,(), y) begins with a term of degree, 
n. Then f is factorable in the form 

, .r„,, y) ~ (//""(• »!'/■+' • • ,r 2 , • • ■, jr m , y), 

■where a u <>■>, ■ • a„ are conrergent power series in .(•], ,r 2 , • • •, .r m 
which vanish for .r, « .r 2 • • • • ~ .r m = (), and y> is a power series 
■in .r u .r 2 , - ■ - , x„„ y which has a constant term different from zero. 

In the Hultetin de la Stwieif Mathematiijue de France* (Joursat 
has called at tout ion to the fact that the proof which Wei erst rasa 
gave of this important theorem, as well as the later proofs 
which occur in the literaturcf, make use of the notions of the 
function tins try, while the theorem itself is essentially of an 
algebraic character. In the paper referred to he has given an 
elegant and elementary proof of the theorem which is in outline 
as follows: 

By moans of tin* substitution 

!f n - — . 1 — — * * * — ti„ 

tin* series / am bo reduced to a polynomial P of degree n — 1 
in //, whoso n coefficients nro convergent sorios in a u A, •••» 
a nt xu An * • a By tho usual theorems of Implicit function 
thoory it is shown that tho a equations found by putting those 
oooflioionts equal to 7,oro have unique solutions for au <t« 9 * * •, a n 
as power series in Xu A. • * % A»* which vanish with Xu A* * * a 
If tho values so found are substituted in tin* formula 

y n - — <hy n ~ l — «a• ~ a n + y 

* “ Iration Mmrntaire d*un th/nmnne de Weiewtrass,” vol. *M 
(IMS), p, 209. 

t Hiss for example, Pieartl, Traits tV Analysis vol. 2 t p. 243; (ioursat, 
Count <i'Analyst*, vol. 2, p. 2B4, 
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and the aeries / again reduced, a polynomial I\ of degree // ~ 1 
in y will be found whose coefficients are series in .r?, • * *, w mt ju. 
On account of the way in which the functions a u • • •, a n 
were determined, this polynomial I\ has a factor m ami hence 
/ has a factor (// rt + <i \// w ’ 1 + • * ♦ 4 u n ). 

Since the paper of (Jonrsat appeared two further proofs of the 
theorem have been published, one by the writer* and flu* cither 
by MacMillan,f each of which seems even more direct than that 
of Goursat. In the proof which follows use is made of the \cry 
concise and elegant method of MacMillan for determining the 
coefficients, while the rest of the proof is similar to that of the 
earlier paper of the writer cited above. 

The theorem may he stated in a different form as follow h; 
Suppose thatf(xu * * * , .r m , ?/) k a series with literal coefficients 
such that /((), 0, • * *, 0, //) begin* with the term «„//", Then there 
is one and but one series bUu An • • .r #|l ;/) which satisfies formally 

the relation 

(7) ' f,J = p, 

where p is a polynomial 

p = <m n 4” tt i //” 1 4 ■ • • 4 

whose coefficients a k (>r h ,r 2 , * * % >v m )lk « I * * ■ *, a I are series 

vanishing with the ,r\v. 

Each of the coefficients m hand the as is a rational function of a 
finite number of the coefficient* of f with denominator a power of 
®o, find the constant term in h is unity. 

If the coefficients in f are chosen numerically so that / eon re ryes 

anda a 4 = 0 , then the series b and «* (k » 1 , 2 , •■•,«) also nnmryr, 
The functions/, b, p may be written in the forniH 

/=«or-?/ nf, /o-/,-/ s ~ .... 

(8) b = bg -f- b t + hi -f- • • •, 

P = «o,V n - Pi - Pt- • ■ •, 

* Bulletin of the American Mathematical Society, vd. Hi UWOt, ». '4M, 
t Ibid., vol. 17 (1910), p. lie. 
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where /*., In-, pk are homogeneous expressions of degree k in 
X|, .r 2 , ■ • •, x m with eoeffieients whieh are series in y. It is desired 
to determine h so that the identity (7) holds, and so that the 
expressions pk have eoeffieients whieh eontain y only to the degree 

71 — 1 . 

By substituting the expressions (S) in the identity (7) and 
equating terms of the same degree in the x'x, it follows that 


b 0 ((tn - »//«)»/" “ «»//". 

biiitn — yf <>b/" ~ hfi — p u 

IhUht — >/fn)y n ~ buf-i + bj { — p^ 


M«o ~ !lfa)y n 


bi\fi + bjk i + • • • + bk- ifi + bk—ifi 


Pk, 


These equations are to be identities in .r and y. The first one 
determines b n uniquely with constant term unity, and further¬ 
more so that each coefficient is a quotient, in fact a polynomial 
with positive integral coefficients in a finite number of the coef¬ 
ficients of /, divided by a power of it«. In the second equation 
pi must he chosen equal to the terms of bofi whieh eontain y 
to the degree >‘ ~ I or less, after whieh h is uniquely determined. 
Similarly in the A*th equation pk must first he chosen to cancel 
the terms on the right of degree n — 1 or less in y, and then 6* 
is unique. 

It only remains to show that the series b and at* are convergent 
in any numerical ease for whieh / converges. There is no loss 
of generality in assuming that the series/ converges in the domain 

| .r,! ’ ’ 1, | y | S. 1 (/ ® 1, 2, - • m), 

since this can always he effected by a substitution of the form 

x, = p,Xi, y = cry' (i « I, 2, - • •, m). 

Suppose then that K is a number greater than the absolute 
value of any term in the series/(I, 1, ■ • 1, 1), that is, greater 
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than the absolute value of any coefficient in /. If -fit is tin- 
absolute value of «o, the series 


F = d«// n 


Ki/ n 11 

1 - U~ 1 


A’, 


where 


1 




1. 


dominates / in the sense that every coefficient except the first 
has a numerical value equal to or greater than K: and the series 
B satisfying the relation 

BF = A<m» + A lif *- 1 + • • - + .1,, 

analogous to (7) has coefficients numerically greater than tin- 
absolute values of those of h. Hence if B converges the same 
will be true of b. 

But it is easy to show that the series B converges. It will 
certainly do so if convergent series .1*, (', I) can he found satisfy¬ 
ing the relation 


A(,y n (l—y)—Ki/ nH - KX = (do//"+-I i//' 1 ” 1 -f 
because then B would have the value 


A n )(Cy I /». 


B 


1 — ,v 
('y D 


On comparing the coefficients of the two highest terms in y 
in the next to last equation, and for convenience denoting lei <> 
the constant value 

Ho + K 

~ 3 .’ 

* I« 

it is found that 

0 — ado, /) =■ 1 — ad \ . 

By comparing the other powers of //and substituting these- values, 
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wo huvo 

A i + evAuAs 

A 2 + (V.fo.fa 


4 0 

= otAi~, 

= of A \A% 


+ OL 1 o-*I n = aA}A n—lj 

A n = cxA\A n — KX, 

But these equations have* linear terms in A\, A 2 , ***, An with 
functional determinant difl’erent from zero, and hence have 
solutions, by the theorems of § 2, which are convergent series in 
x u , An and have no constant terms. 

It is evident, in any numerical case for which / is convergent, 
that a neighborhood of the origin may be chosen in which the 
series h is everywhere different from zero. In such a neighbor¬ 
hood all of the values (x u A* ' * s An y) which make/vanish are 
roots of the equation p ~ 0 t and vice versa. 

If jVn fh * * *, 0* !i) has its terms of lowest degree homogeneous 
and of degree a, then the polynomial p(xu 0 , • * *, 0 , y) has the 
same initial terms, since the first coefficient of the factor series 
b is unify. 

§ 10. Tuk Xkkoh ok ifht, r) f r), ok their Functional 

Dktkuminant 

ronsider a function r) whose values in the neighborhood 
of the origin in the ar-plane are given hy a convergent series in 
n and r which vanishes for u ~ v = 0. If the series contains a 
factor u in every term it may be written in the form 

(9} r) - au k fy{u, r), 

where a is a constant different from zero and r) is a con¬ 
vergent series for which dHO, r) has a first term of the form i m 
with coefficient unity. According to the results of the preceding 
section, all of the roots id 4 >(m, r) in a neighborhood of the origin 
will be roots of a certain polynomial 


( 10 ) 


p = f’W -f ' 1 + * • * (! m . 
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where the coefficients a* are series in w having no constant terms. 

The polynomial P may be equal to the product of two poly¬ 
nomials of similar form, 

lov k + 1 + * * * + In* 

c 0 v m - k + + * * • “ 1 “ ('m a . 

where the coefficients h and c are convergent series in w. In 
that case the product IqCq must be identically unity, and In- 
dividing the first polynomial by b o and multiplying tin' second 
by the same series, the two factors will have the form 

v k + iqV' -1 + * - * + ln\ 

v m - k + + • • • + <'m i\ 

The coefficients b* and e/ are now series in u witlumt constant 
terms. Otherwise the product P would have a term of lower 
degree than with a coefficient series whose eon,stunt term 
would be different from zero. 

It is readily seen from this that the polynomial P is either 
irreducible in the sense that it can not he decomposed into a 
product of polynomials of the same sort, or else it is tin* product 
of a number of irreducible polynomials of lower degree. 

Suppose that Q(u, v) is a polynomial of the form (10) w hieh is 
irreducible in the sense just described. Then its discriminant 
with respect to v is a series in v which does not vanish identieulh , 
since otherwise Q and Q v would necessarily have a common factor 
of the form (10), and Q would not be irreducible. There is a 
neighborhood 0 < u u x in which the discriminant is every¬ 
where different from zero, and For any value u satisfy ing tlte^r 
inequalities the values of v making Q 0 an* all distinct. 
According to the results which have been stated above in tin* 
introduction to this chapter of the lectures, the values of r which 
make Q vanish for different values of u will be defined In m 
series of the form 

(11) V =s QLU* lv + <X*U* ,,p + • * *; 
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and these scries must all he distinct, since for sufficiently small 
values u 4 0, as has been seen, the roots of Q are all distinct.* 

It is evident then that all the roots of <p(u, r) in the neighbor¬ 
hood of the origin, including those which correspond to the fac¬ 
tor u k in equation (it), are given by a finite number of elements 
of the form 

u ® „t>\ r - bt + />'/'*' + • • •, 

where a and b do not vanish simultaneously, and p, p, p', 
are positive integers having no common factor. 

The product of factors of the form 

(12) j r - - a’it*'*’’ - *• - I, 

eorrespoiuling to the elements of a cycle, is a polynomial v) 
of the form (10). For the product Q\ is a series in u llp and v 
which is unchanged when u up is replaced by u> r u l,p , anil Q i must 
therefore contain only powers of u ilp whose exponents are multi¬ 
ples of p, that is, positive integral powers of u. 

On the other hand an irreducible polynomial Q possesses only 
a single cycle of elements of the form (12). Each element of a 
cycle belonging to (} gives rise, in fact, to a factor Q i of Q of 
the form (ID). The number of elements in the cycle could not 
be greater than the degree of Q, and neither could it be less, 
since according to the argument of the paragraph just preceding, 
Q would then be divisible by a factor of the same form corre¬ 
sponding to the product of the factors (12) belonging to the cycle. 

By combining these two results, it follows that the product of 
the factors of the form (12) corresponding to the elements of a single 
cycle is on irreducible ptdynomiul of the form (ID), ond conversely 
the elements of an irreducible polynomial of the form (ID) form a 
single cycle. 

The Weierstrassian polynomial l* of uny function <p is a product 
of irreducible factors of the same form, some perhaps repeated, 

• The method of proof for this statement in the ease of a polynomial /’ 
is precisely that of the theory of algebraic functions. See the reference above 
(jMifCt 1 44) to Ap|x*U nut! (tourwit. 
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to each of which there corresponds a cycle of dements. By the 
order of an element of <p is meant the number of times its factor 
(12) is repeated in the product u k 'l\ The order is evidently 
equal to the multiplicity in u k P of the irreducible factor to which 
the element belongs. If tp possesses out' element of a cycle it 
must possess the whole cycle. For the polynomial /’ Belonging 
to <p has then a common factor with the irreducible polynomial 
Q of the cycle, and so must bo divisible by if 
Suppose now that tp(u, v) and tp{u, r) are two functions of the 
form described above, and that the functional determinant 


( 13 ) 


J){u, v) — 


W; 


does not vanish identically. 

If cp andtp have an element in com man, then they have in rum in mi 
the irreducible ‘polynomial Q of the form (10) to which the element 
belongs, and Q is also factor of I). 

The first part of this statement follows from the preceding 
paragraphs, so that tp and ip may bo supposed to have the forms 

<P = QA, ip = ()11. 


When these expressions are substituted in the functional de¬ 
terminant (12) the presence of the factor Q is at once evident. 

A similar argument shows that if <p has an element with cor¬ 
responding factor Q of multiplicity and \p has the same element 
and factor with multiplicity l, then P contains the element and its 
factor with multiplicity k + l— 1 at least. 

There is a sort of converse to these statements to the effect 
that when tp and I) have an element and its factor Q in common, then 
the element and Q are either multiple in tp or else are common to <p 
and i p. 

To prove this let 


<P~QA, P = Q(\ 
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and suppose* (/ not a multiple factor of Then 

QuA+QAu Q r A + QA, _ nn 

and it follows readily that the* determinant 


(14) 


j Qu Q,\ 

1 I 


has tin* factor Q t since J ean not have any element in common 
with Otherwise* It would contain the whole irreducible factor 

Q* 

Since Q is irreducible, its discriminant, a series in a, can not 
vanish identically, and then* is an interval 0 < u m '' it\ in which 
it is different from zero. For any value of u satisfying these 
inequalities the poI\ nomials and Q P have no common root. If 

(15) u - nt'\ .r -■■■ oP + o + 


is the parametric form of one of the elements of Q, then Q(u % v) 
vanishes identically in t when these expressions are substituted, 
and (/,.! //, r| is not idenfirnlly zero in t along the element. lienee 
there is an interv al if P t * t\ in whieh Q v is different from zero. 
Sima* tin* determinant till hits the factor^ and therefore vanishes 
identically along the curve (lot, if follows that 



is an identity in I. Evidently $\u t r) must be constant along 
the element, and its value is everywhere zero since it vanishes 
for t ft. I fence 4 has the element (15) in eominon with Q, 
and must have Q itself as n fuel or sinee Q is irreducible. 

The real points no r) where one or another of the functions 
*p t \fr % /) vanishes play an important rfile in the investigation 
whieh follows. In the discussion of them whieh follows it will 
always be understood that when n is real and positive the symbol 
u x p stands for the real and positive pi li root of il 
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If the function <p has no factor u, an<I if each of its dements 
when written in the form 

( 16 ) v = • I 

has at least one imaginary coefficient, then in a neighborhood of 
the origin no real point (//, v) with it > 0 satisfies the equation 
<p(u, v) = 0. 

To show this, suppose for the moment that or is imaginary. 
Then for sufficiently small positive values of it the absolute value 
of will be less than the absolute value of the 

imaginary part of a, and the parenthesis in the expression (lf») 
will also be imaginary. A similar argument would show r to be 
complex if one of the higher coefficients were tin* first not real. 
On the other hand, if the coefficients in the expression are all 
real, then for positive values of v the values of r are real, and the 
points (u, v) so defined lie on a real arc of the form 

u = t», » = + </<“' + • • ■ «> • / • fib 

If the elements of <p are written in the form 

(17) v = «e M (- u)* lr + «'«*'(- a)'** 4- 

where «is a fixed pth root of — 1, then an argument similar to 
that just given shows that <p = 0 is satisfied by no real points 
in the neighborhood of the origin with negative values of u, 
unless at least one of the expressions (17) in (— a) 1 has all of 
its coefficients real. On the other hand any such element with 
real coefficients defines points («, r) on a real are 

U — V, p a 4- Jtf'/V 4- . . . (0 ■ t * /,). 

By combining these results it follows that allof the mil point.*, in a 
neighborhood of the origin, which satisfy <p(u, r) (I, arc the 
points of a finite number of distinct elements of the form 

(18) u = at*, v- bt* + b'(» 4- • • • (Off* /,) 
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whose coefficient# are real and such that a and b arc not both zero, 

It may be of interest to note in passing that if an element of <p 
of the form (Hi) has real coefficients, then the irreducible poly¬ 
nomial Q which belongs to that element is real. For Q is the 
product of 

| v — an* 1 ?* — . . . } 

and the other factors which arise from it by replacing u l!p by 
— 0, 1,2, * • •, })— 1). The coefficients of the product 
arc 1 therefore rational integral functions with real coefficients 
in the cv\s and the ;4h roots of unity, and symmetric in the latter. 
But symmetric functions of the ;th roots of unity are real A 
similar remark holds true for the real elements of the form (17). 

Two real elements of the form (IS) are said to be disthict if there 
is an interval 0 < t <# t\ on which the points (*/, v) which they define 
are all distinct. Any two elements are either distinct or else coin¬ 
cident throughout. 

Let the two elements have the equations 

u = r = br + i/t . (o <; t g h), 

u * et\ v = dr + dr' + * * * (o <; t * t*). 

If i t =* r »a o then the elements are distinct unless b and d have 
the same sign, in which ease each defines the same half ray from 
the origin along the e-axis. If a = 0, c 4 s 0 the elements are 
distinct. If a and e are both different from zero them the elements 
are distinct unless the expressions 



are identical in fractional powers of u f in which case the two 
elements coincide. 

It can readily he seen that if two functions <p and have a 
real element in common then they must each contain the irreduci¬ 
ble real factor which belongs to the element. 
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§11. Singular Points oka Heal Tkansmuimation ok Two 

Vaiuaulks 

In this section it is proposed to study the singular points of u 
transformation 

( 19 ) .r. = <p(u, r), if it, r) 

for which <p and f arc convergent series in «, r with real coef¬ 
ficients. It is presupposed that the functional determinant l) 
of tp and ip does not vanish identically, and that the real elements 
of <p amlfi described in § 10 are all distinct. There is an interval 
0 ^ t ^ ti for which tin* elements of v ». yt, and D which are 
distinct have only the point (a, r) ^ {(), Oi in common. Some 
of these elements may belong to both y and />, or to 4 and /A. 
but none are common to y and f. By further restricting the 
interval if necessary, it can be effected that the radio, 

p = Vie + r 

constantly increases on each element as I increases from <> to 
For p is a series in t which does not vanish identieaih. and its 
derivative has the same character. An interval 0 • / /, nm 

therefore always be selected on which both p and dp <// remain 
greater than zero. 

It follows immediately that a constant p t cun be selected *<o 
that any circle about the origin of radius p, or less is intersected 
once and but once by each of the elements in question. The 
real elements of y, f, and I) may therefore be represented a , 
shown in Fig. 4. 

If the value of Pl is properly rest rioted thru nut/ one if the regions 
8 shown in the figure, is transformed in a one-to-one mm hg the 
equations ( 19 ) into a region 8 adjoining the origin and ) V mg 

entirely m one quadrant of the .ey-plane. The single-mlued inverse 

functions 

( 2 °) u = /(•<•- d), v = g( x , y) 

SO defined are continuous over all ofZ and anahjtie in its interior. 
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To prow thin consider the functions r(a, v) and <*>(w, v) defined 

by the equations 


r 


%V + 


cos ce 


v* 

r 


sin a) = 


* 
r ’ 


If the radius p x is properly restricted, then r and & (modulus 2 tt) 
are well defined at every point of the elrele with the exception 
of the origin, since y* and 4 have no real roots in common aside 
from («, r) "■ (0* <H. 

The value of r inemtHes motiotonteally along any analytic curve 

ii - tt\f {* thf I • • •, v l*\t T M* ? + 4 * *♦ 


for which ii and r art* not identically zero, as may be seen by 
reasoning similar to flint applied above for />, alter noting that the 
series for V " and 4 can not vanish identically in i. In particular 



if pt is sufficiently small, then r has this property along the bound¬ 
aries OK % and OE% of S, and along an auxiliary are Oh chosen 
arbitrarily for purposes of proof between the two elements Oh * 
and 0E%. 

Suppose now that k\ is the minimum of r along the are E\K%, 
and select arbitrarily u value k lu*tween 0 and k j. Ihe first of 
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the equations 

(21) r(u, f) ~~ k, wi it, d 

is satisfied at a unique point Putu, c„i on tin- an- (>!■', anti tin* 
corresponding value of z may he denoted hy The functional 
deteriniiiant of r and w lias the value 

<Hr,u) /hit, n 
t)Ut, r) r 

and does not vanish anywhere in the interior of ,s". 

The domain in which the equations p'l i are to he tudied is 
that consisting of points [it, i\ : ) for which > u, n i . in .s’, and a 
has. any real value. According to the fir-4 theorem of § and 
the results of § 2 the equations (21) define two nnalv tie functions 

(22) it itizh r mi 

which take the initial values r„ when and which muv 

he continued over an interval a. de eiihed in § .*>. 

If f" is the value defining the largest .inh interval, the point-. 
(w(z), ti(s)) corresponding to interior point , of the interval will 
all be interior to .S’, while «•< ; approaches the onh limit 
points of the values (itizh Hz)) must lie on the houudarv of ,s‘. 
Otherwise the eurve (22)emthl heeoutinued hrvond the value v 
The length of the interval i« eerfaiuly lev. than 

tt/2, siih e in the region »S neither *4ti u> nor no u* can vaurdi. 
The curve (22) ean not intersect itself, since the same value, of 
(«, v) must define the same ; hy mean-, of the second of ,-ouations 
( 21 ). 

As z approaches f , tin* point im(;i, rt v i) approaches a unique 
limiting point on OK, or OK,. 'Phis follows because at any 
limit point the value of r(«, r) would have to be k, and this can 
happen at one point /», only of PK„ H nd at one point /’, only 
oi °E,. The eurve could not have both /*, and V. a- limit 
points as z approaches f", since then it would tie.-e, .arilv meet 
the arc OB at the only point P where ri«. n k, and .o would 
intersect itself. 
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A similar argument shows that the equations (21) define an 
are without dotihlt- point over an interval f' < z ’ ’ s n . joining 
/’ with that one of the points 1\ which was not. the end of 
the first are. For convenience it may he assumed that is 
the value belonging to /’t. and that for /A. The preceding 
inequalities for ; would onh he reversed if the opposite were the 
ei i.s<\ 

There are no other points in flit 4 region S at which r(u, ?) = k 
besides those of the are /b/\* which hies just been defined. If 
the re were one not on /b/\*» if would give rise to a second curve 
of the Miim* sort joining /b/b. But this new curve would 
necessarily intersect the are OK at l\ and hence must coincide 
with the original arc /b/b throughout. 

For any value k # < k there is a curve similar to /b/b on which 
all of tin* points f«, r) making r(n t r) k f lie. 

By means of these results it can now* he shown that any two 
distinct points of the region ()/b/b are transformed into twa> 
distinct points of the .r //-plane. For if (u\ r') and (u'\ v”) 
defined the same point i.r\ //') they would Imth give r =* 
the same value k\ and lienee must lie on tin 4 same curve /b/b* 
But in that ease the values of cj corresponding to the two points 
would neeesHnrih be different, «h has been seen above* ami lienee 
Ob */} and Ij j \ it**) eotthl not be the same. 

From the final theorem of § X if follows at once that the theorem 
lust stated above is true, provided that the circle of radius pj 
is altered so that the are of it whieh lies between the branches 
OKi and f)/*,b lies aKo within the region O/b/b* The region 
into which S is transformed must lie entirely in one quadrant 
of the *r//-plane* since the values of m whieh correspond to points 
of S are nil in one quadrant, In the interior of the image of X 
the inverse functions (20) are analytic* since at interior points of 
X the determinant I) is different from zero. 

Some conclusions with regard to the distribution of the 
elements of \p t and 1> cam be readily derived from the dis¬ 
cussion just preceding. For example* no region S can be bounded 
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by two elements of <p. If it won* not so. then in a region bounded 
by two elements of <p the value of « on the branch OF, would 

be everywhere r/2, or else everywhere. it ami the >ame i- 

true for 01k. Hut this is impossible since along the are 1\1' ; 
the value of w varies monotonieally through an intenal lr-• 
than rr/2. A similar remark holds lor the elements ot </. 1 b-nee 

it follows easily tlmt 

Between any elements of P the elements if v * <"u/ y • if On re me 
any, mist separate each other. 

If the determinant P has opposite signs in two adjoining 
regions and W of the circle of radius p, in the m-~pl;mr. shown 
in Fig. 5, their transforms in tin- .(-//-plane will be folded mu 
the image of the curve OF.* and will o\erlap. In order to pone 
this, let it first be remembered that along the element Ol. . 


dr 

dt 


r “ dt 


r,. 


dt 


I u. 


so that r u and r v can not vanish at am point /'• dith-imt tn.in 
the origin. Neither can they vanish at an interim point <*f 
one of the regions *S\ since* at a point u here 


r u = 


<P<Ptl + #« 


0, 


vv< 




the determinant D would neeessuri!\ have the udue /mo and 
this does not occur in the interior of S t Tin* equation * 


(lu dv da dr 

ru rfs + \/5~ “* 1 “■•,/, 1 

are satisfied everywhere between l\ and V: on tin* are ^22 k 
Hence 

du r dr r 

dz ~ D r "' dz P r "' 


As z approaches f" the direction cosines of the tangent to the 
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go determined are continuous at all points of the sheet 1’ ami anal at ic 
in the interior of 25. If in (wo adjoining regions . sat, X, and S s , 
the signs of I) are opposite, then the images 2, and 1’, overlap in 
the neighborhood of their common houndanj (lir»: if the signs of 1) 
are the same, the regions id and i\. adjoin along (»«■• without over- 
lapping* 

The adjoining figure illustrates the ease when I> has four real 
elements and the signs of I> are opposite in any two adjoining 
regions S. Further illustrations of the theorem are given in § H. 



It has not been proved above that tiie functions i2l! are 
continuous on a boundary (hr of one of the regions 2.'. Suppose 
that t is a point of such a boundary, and let 

(25) Tu ir 2 , ir n , 

be any sequence of points of 1' with limit ?r. The corresponding 
points 

(26) p u p^ p 3 , • • • 

of £ have condensation points in .S’, one of which ma\ be denoted 
by p. There is then a sub-sequence 


Vi, Pi. Pz, • • • 
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among the points (2(5) whose limit is p ; and on account of the 
continuity of the functions (23), the corresponding points 

(27) 7Ti', tt 2 ', 7r 3 ', • • • 

of the sequence (25) must have as limit point the image of p 
in 2. But the limit of (27) is necessarily t, and t is therefore 
the image of p . It follows at once that the sequence (2(5) has 
a unique limit point p which is the image of 7r, and from this 
property the continuity of the functions (24) in the ordinary 
sense can be readily deduced. 

The functions tp, ip , and I) can be expanded in the form 

tp = tp m + | l + * * * , 

(28) ip = ip n + in + * * •> 

J ) SS J) m | “f" Dfit | H— 1 * » 

where tpk, lh are homogeneous polynomials in it, v of degree 
A\ and 


<Vm 

dtp, 

du 

do 

#» 


du 

do 


If the real roots of tp m , and are all simple roots and 

distinct from each other, there will be an element of <p, ip, or I) 

in each of the corresponding directions, and a notion of the 
character of the transformation can he derived without difficulty. 

In the applications of § 14 this remark is of frequent service. 

§ 12. The Case where the Functional Determinant 
Vanishes Identically 

It is well known that when the functional determinant of 
two analytic functions tp and ip vanishes identically, then near 
any point where not all of the derivatives tp u , tp w , ip u , ip v vanish 
the functions tp and \p satisfy a relation of the form 


F(<p, ip) «* 0 
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identically in u and v. It is possible to show that such a relation 
exists also near a singular point at which the four derivatives 
above all vanish. 

If a relation can he found after a substitution of the form 


(29) u = aui + pi'i, r ~ yiii 4 


for which aS — j3y docs not vanish, then it will surely he satisfied 
when wi and «i are replaced by the original variables », r . 

Suppose then that the analytic functions V " and ^ have already 
been prepared by a transformation (131) in stich a way that in 
the expansions (28) tp m and both contain terms in u alone. 
By applying the preparation theorem of Weierstrass to the 
functions <p(u, v) — j- and \j/{u, v) — y, two polynomials 

P(n,T, .r) = « m 4- tuu m 1 •} .} , tm . 

Q(u, v, y ) = u n 4 - 1^it "-* 4 . .} 


are obtained, whose coefficients are convergent >erie., without 
constant terms, in v, x and i\ y, respectively. In a certain \ icinity 

| t [ <C €, | y | ^ <, jitj f, j r t 

the only solutions of the equations 


(30) tp(n, r) - x = 0 , ^(«, r j - y tt 

are values («, v, x, y) which make P ami Q vanish also. and vice 
versa. 


The resultant of P and Q is a convergent „-rir, lu r , , r> , n 
for which 7f((), x, y) does not vanish identicuIU. )•',,r jf H j| ,,f 

the coefficients of H((), a-, y) were zero, there would be u region 


(31) 


0 . kl < 5. \y\ < 6 


a 


at any point of which the polynomials P and (} base a common 
root in absolute value less than «, and the set of values , o. 
so defined satisfies also the equations (30). The existence of 
such a region is, however, impossible, since when >/ i, given 
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satisfying (31), a value x' can always be selected which is dif¬ 
ferent from the values of ip(u, 0) at all of the n roots of Q(u, 0, y'). 
For such a set i> = 0, x', >/ in the region (31) there would be no 
corresponding value u' satisfying the equations (30). 

The resultant It(p, .r, y) vanishes identically in v, a when x 
and )/ are replaced by <p and p. For li is expressible in the form 

R(p, x, //) = MP + NQ, 

when 1 M and N are polynomials in u with coefficients which are 
series in i\ .r, )/, and P and (}, vanish identically when .r = </?, 

!/ ~ P- 

The series /f(0, ip, p) vanishes identically in tt, v. If not, there 
would he a straight line u = kr on which J{( 0, <p, p) and <p u 
are dillVrent from zero except, at the origin. Let (;/', P) he a 
point of this line near (//, p) — (0, 0), at which <p and p have the 
values ^ and p', respectively. The series 

(32) 11(0, ip, p) H~ /L(0, tp,p)i' -{• • • • 
vanishes identically, in particular along the curve 

(33) y(». r) ~ ip' 

through the point (it', P). Since ip u does not vanish at (it', v'), 
this curve can la' expressed in the form 

u = l>(v), 

and along it 

'Px f* + = 

ttv | 

since the functional determinant of <p and^ vanishes identically. 
On the curve (33) the function p has therefore the constant 
value p', and the series (32) takes the form 

/f«>, ip',P') +IU0, <p',P')v+ ••• 

and vanishes identically in r. Its coefficients must therefore 
all vanish, since a series whose zeros have a point of condensation 
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in the interior of its circle of convergence must have all of its 
coefficients equal to zero. This contradicts, however, the us- 
sumption that a point («', a') exists at which /?(U. v". does not 
vanish. 

It has been shown therefore that in case tin- junctional deter- 
minant of the two convergent scrim 

<P ~ <Pm + full d •••• 

^ + ^ni 1 4’ - - ‘ 

vanishes identically, the two functions if, \j, satisfy a relation of (In¬ 
form 

F(<p, \j/) ~ 0 

identically in n, v, where F is itself a convergent series in Us two 
arguments. This statement is true even when <f and f hath hart- 
singular points at the origin. 

It is evident that when I> = 0 the transformation 

a- = <p(u, v), y ip(u, r) 

makes all of the points in the neighborhood of the origin in the 
w«-plane correspond to points on the various branches of the 
curve 

F(.r, y) ~ 0 

in the ay-plane. The points (r, y) which are obtained bv the 
transformation do not cover any region. 

§13. A Generalization or the Pukrauation Theorem or 

Wkikuhtkahh 

Consider for a moment two functions 

(34) f(u, v, Xu £i, • * •, Xm), g{u, e, x,, x s , • • •, x m ) 

which are polynomials in the variables u ,» ami have for coefficient* 
convergent series in x u x t , •••, x m . According to the usual 
algebraic theory of elimination, there exists a polynomial p in e 
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which 1ms convergent series in the ;r’s as coefficients, and which 
is linearly expressible in the form 


v = ( i + <i<h 


where c and <7 are polynomials of the same character as/and g. 
ff a set of variables (a, ?\ a*) make / and g both vanish, then v 
must be a root of the polynomial p; and conversely to any root 
of p corresponding to given values x, there exists at least one 
pair of values (a, v) which satisfy the two equations / = g = 0. 

There is a generalization of the preparation theorem of Weier- 
strass from whi<*h similar results may be deduced with respect 
to two functions / and g which are not polynomials but series in 
the variables a and i\ and with respect to the roots of such 
functions in a neighborhood of any set of values (a 0 , r () , :r 0 ) 
making / and g vanish. As in the proof of the theorem of § 9, 
the point in whose neighborhood / and g are to be studied may 
be taken without loss of generality at the origin. 

Suppose then that f and g are two convergent series in a, r, x 
vanishing for (a, i\ x) = ( 0 , 0 , 0), and such that /(a, 0 , 0, * * •, 0 ) 

and {/(a, r, 0 , 0 , •**, 0 ) have no common factor . Then there 
exists a polynomial 




V + plV*~ ] + * * * + Pnt 


in which the coefficients pk (k = 1,2, •••,//) are convergent series 
in ;r having no constant terms , with the following properties: (1) it 
is linearly expressible in the form 

v * + <lg, 

where e and d are convergent power series in w, r, x; (2) in a properly 
chosen neighborhood 

(36) |m| < (, |r| < «, |xj < « 

every root («, r, x) of f and g must also make p vanish ; (6) there 
exists a constant 5 « such that for any x in the region 


( 37 ) 
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there is associated with each root v of p a sol of ion (n , i\ x) of the 
equations f = <7 = 0 satisfying the inequalities 
If f(Uj v, 0 , 0 , • - •, 0 ) and g{u, i\ 0, 0 , * • •, 0) lmvo no common 
factor, then one at least of them, say/, has terms in tin* variable 
u alone, and according to the preparation theorem of Weier- 
strass f(u, v, x) has as factor a polynomial of the form 

(38) a Q u m + (hu m ”" 1 + * - * + a m ,, x u + a m hj\ 

in which ao is a constant different from zero, and a u </■;, »* • t a m 
are series in u, x without constant terms. The symmetric 
functions of the roots u h >/*>» u m of this polynomial «re 
expressible rationally and integrally in terms of the coefficients 
(th a 2 , * • *, a m , and are therefore convergent series in i\ j\ The 
product 

m 

(39) Ilf/O'A-, v, x) - h(i\ x) 

is a convergent series in //*•, r, ,r, also symmetric in the variuhles 
Uk, and hence expressible ns convergent series in r, x. 

The function /;(<>, 0) does not vanish identically, on account of 
the hypothesis that/(w, r, 0 , 0 , - • 0 ) and g(u, r, 0, It, ■ • it) 

have no common factor. If it did vanish identically, then for 
every sufficiently small value of r one at least of the expressions 
g(Uk, v, 0) would vanish. But in § It) it was seen that when 
/(w, v, 0) and g(v, v, 0) have no factor in common, there is always 
an interval 0 < ?) ^ ?tj in which there is no value r Belonging to 
a pair (u, v) making both of these functions vanish. 

The preparation theorem of Weierstruss can therefore la- 
applied also to the function /i(«, .r), an<l the polynomial so found 
is the one desired in the theorem. For, in the first place, a constant 
€ can be chosen so small that every root (u, r, x) of / uu.l g in 
the regio n ( 30 ) m ust be one of the sets (m*. r, x), and must make 

* A proof that the values of u and v liel(mgin« to the roots of a system of 
equations of the form (34) are roots of polynomial* similar to CtSi was K ive (1 

sL 1 “ lntro(,uction t0 Thesis, " Sur ies pruprh'nV d.-s (<«,.•! ii aw 

donmes par les Equations aux differences part idles," p iir i« tisTU). 
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the product ( 39 ), and hence />, vanish. In the second place, a 
constant 5 v € can be taken so small that every root v of p as 
well as the corresponding sets (//*, r, x) He in the domain (36). 
One at least of these sets must evidently satisfy g = 0 as well as 
/ = 0. The restrictions on 5 and € have been stated somewhat 
roughly, but the reader will readily convince himself that these 
quantities may ho selected so that the convergence of the different 
series and their equivalence with the corresponding polynomials 
are properly adjusted. 

Hnally, the polynomial p is linearly expressible in the form 
described in the theorem, in terms of / and g. To prove this, 
suppose that the above process has been applied to the functions 
/—« and tj — ft, A polynomial P{t\x t a % ft) with coefficients 
which are series in x, n% ft is then found, which may be written 
in the form 

PU\ x, or, ft) ;' P(i\ x, 0, 0) + Tor + Dp, 

when 1 (' and D are convergent series in the arguments of /l 
The series Pin, x,/, g) vanishes identically in a, i\ x since P = 0 
must be* satisfied by every set of variables (//, r f x, a , ft) in a 
neighborhood of the origin which make/ — a and g ■— ft vanish, 
certainly then by tin* set UK i\ x,/, //). lienee 

Pi i\ j\ 0, 0) — Pf — Dtj 

is an identity in a, i\ x, when or and ft are replaced in 0 and 1) 
by the* series/, g t But Pu\ x, 0, 0) is precisely the polynomial 
p(t\ x) found above, since for a ft s 0 the steps in the con¬ 
struction of Pie, j\ 0, 0) « re identical with those used in finding p. 

If the aeries f{u, t\ 0, 0, * * *, 0) and g(u , i\ 0, 0, * * •, 0) begin 
with homogeneous polynomials haring no common factor of degrees 
m and a, reaped!rely, then the degree of the polynomial p is */= mn.* 

* la it paper of remit date tin* writer law <I<*v«*1o|hh 1 a generalimt bn of 
thin theorem and tin* results whirl* follow, for it systam of equations of the form 
/iCXi, / 3f yu |/ 3 , * • *, Mmi 0 o' ^ 1, 2, • * •, »). 8ee Transactions of 

the A mt rmin Mathematical Sorkty, vol. 12 (11112), p. 123. 
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Let the lowest terms of /(?/, v 9 0, 0, * * *, 0) and g(u t t\ 0, (),•*•, 0) 
be denoted by <pm(u, ®) and \p n (;u> v), respectively. One of tin* 
two, say <p m , has a term involving v alone with coefficient different 
from zero, since <p m and \p n have no common factor. The terms 
of lowest degree in the polynomial (35) are also since tin* 
series b has constant term unity. In the product (39) the terms 
may be rearranged into groups of the form where T is a 

homogeneous symmetric function of a certain degree <r in 
u h U 2 , •••, Urn- The expression for such a symmetric function 
is isobaric and has the weight <r in the coefficients of the poly¬ 
nomial (35). When x = 0 the terms of lowest degree in T will 
be at least of degree cr in v, since each coefficient //a of (35) begins 
with the coefficient of v m ' k in the polynomial ^ Wl (w, r). The 
terms of lowest degree in v alone in the product (30) will there¬ 
fore be those of the product 

m 

A* '*3 1 

and they have the value v mn lt/a 0 , in which a„ is the coefficient of 
® m in <p m (u, v) and It is the resultant of yvJl. r) and <£„( I, »>).* 
But since <p„ and ipn have no eonunon factor the coefficient of 
v nn is surely different from zero, and the theorem last stated 
follows at once. 

* 

If the substitution 

v — — tu z 

is made, in which t is a new variable , the series 


(40) 


F(u, z, x, t) = f(it, s - hi, x), 
G(u, z, x, t) » g{u, z — tu, x) 


have a polynomial 

(41) I\z; x, t ) - OF + M! 


with properties si milar to those of p and of the same degree v. In 

* See > f ° r example, Ktoig, Einloitung in die idlgemeine Thisirie d««r jiliic- 
braischen Grflssen, p. 311 and p. 271 (d). 
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a properly ehonen region 

(4-) M < *. 1 1 ' \ < \ x \ < « 

nrri/ root (a, r, x) of f and ,, defines a factor z - tu - v of P. 
If h ’ t is sufficiently kiii aII and x a kc! of rariahles satisfying 

<•1:0 k < 5, 

then /’ IniK a fartorK of the form z - tu ~ r, for each of which the 
values (a, r, x) arc a Halation of the ci/uations f = g = () in the 
region (42). 

The degree of /’ must lie the same as that of p, sinee for 
j- = / 0 the series /’(//, 0, 0), (;(«, ~ 0 , ()) H re identically 

equal to tin* series /(«, r, 0) and g(u, r, 0) when r is replaced by z. 
In a certain region 

(44) jw' < t u M < #[. j.r| < |/| < tu 

where* 1 1 is for eonveni(*nee taken less than unity, every root 
system (a, z, .r, t) of F and (1 makes V vanish also. If t is taken 
less than e t /2 and / i*. restricted to the range j/| < <j, every root 
system [n, r, x) of / and g in the region (42) gives values 11 , 
z ~= in -f- t\ x, i satisfying the inequalities (44), and hence P 
must vanish identically in i and have z — tu — t> as a factor. 

Suppose then that * is a constant satisfying the requirements 
of the theorem with respect to the region (42), and that the region 
analogous to (27) for the polynomial /’ and the constant «/2 is 

(45) k <5. |/j < 5; 

and let x "" £ In* any set of values satisfying these inequalities. 
If the discriminant of P is not identically zero in t for x = £, 
a value t ™ r can be selected also satisfying (45) and such that 
all the roots s of P corresponding to the values £, r are distinct. 
There are then v distinct root systems (u, z, £, r) satisfying the 
inequalities (41) with 1 1 replaced by t! 2. The corresponding 
values (u, r ** z — tu, £) are v distinct roots of/ and g lying in 
the region (41). According to the paragraph just preceding, P 
has therefore v distinct factors z — tu — r. 
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In case the discriminant of P vanishes hlrntieully in t fur .r - £, 
the multiple factors of P(z; £, /) ran he separated out hy the 
highest common divisor process, and the factorization of the 
resulting polynomial can then la 1 discussed in a manner similar to 
that just explained. In either ease, therefore, Piz \ £, f) has only 
linear factors of the form z — hi - r. 


The number and character of th<‘ root systems m, r, x) of the 
functions/ and g in the neighhorlmod of the origin are well de¬ 
fined by means of the polynomial /'c; x. t). To any x in tin* 
region (411) there correspond v root systems in, r, ,r> not neces¬ 
sarily all distinct, and the c-valucd functions mx), ri.ri so defined 
are continuous. This is evidently true for the function Hxl, 
since its values are the roots of the polynomial /'{»•; .<■, (M whose 
coefficients arc analytic in x. Similarly is continuous in x, /, 
since its values are the roofs of Pc; x, (i, and if follows that 
v = (z — v)/t, for a fixed value t f (I, must he continuous in x. 

If P is not irreducible, that is, not decomposable into similar 
factors of lower degrees, its discriminant Aix, h can not vanish 
identically in x, t. At any value x £ where Ju i, t\ is not 
identically zero in 1 , the v factors ; - fit - v of P are all distinct. 
If f = t is selected so that A(£, r) f (!. tin- roots of /’ are distinct 
analytic functions of x and t in the neighhorlmod of (, t, ami 
the corresponding values of it ami r are amity ti<- functions of x 
in the neighborhood of £. 

The values x = £ near which the e-vaiued functions u, r do 
not surely have v distinct analytic branches, arc those for which 
A(£, t) vanishes identically in t. At such a point some of tin- 
values of the root-systems (a, r) coincide, and only those which 
are distinct belong necessarily to analytic branches of tin- 
functions u, v. The values £ which make At £, /) identieallv 
zero must belong to one of the totalities of points defined bv 
equating to zero the coefficients of the finite number of powers 
ofjf in the discriminant A(x, (),* 


f*, F0 [ th . e Charft . Cterimtion 0f ,ll «* llftl-r the IIiHti.nl of Kroiu-rker 

KiStkT>,,h, ' r vs.u iiii lir< ri !i k.oo,„ 

Ver&naerlichen, Dissertation, Gottingen, liMIfi, 
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If P(z, x, t) is reducible, arguments similar to those above 
can be applied to any one of its irreducible factors. 

The multiple root# (w, t\ x) of the function# f and g are character¬ 
ized hij the property that the functional determinant d(j\ g)j( 9(a, v) 
is zero at such points. 

For from the identity (11) in u t s % x, /, it follows by differ- 
entiation that 

<> - <'uF-\ l>u<i+ CF tt + DU u , 

Pe ' (\P 1 p J* 4’ ('F, 4” PIP’ 

If the determinant 

Pn Ft — f u /,. 

b m b # (/u g 1' | 

vanishes at a solution {u, i\ x) of / - g - 0, the two equations 
above show that 

CFu 4' PPn o, if - ff,-l />bhr ■ () 

for the values {//, s — to 4 r, x); and it follows that z—tu— r 
is a multiple factor of /\ since it ueeurs also in P 0 . 

On tlie other hand suppose that at a set of values (u\ v% £) 
the determinant <Hj\ g) dim v) is different from Kero, while/and 
g vanish. It is to be shown that the polynomial P(z; t) has 
tu* 4"' P as a simple root. All of the mots of P(z\ t) have the 
form tu t ?'» and some* arc perhaps multiple. Those which are 
distinct will remain distinct For a numerical value / - r if r 
is properly selected, and flit 1 derivative 

( 47 ) Fjnf U. ti ’ fjn\ r\ i I - rfAnf e\ k) 

ean ut the same time lie made different from zero, £ being the 

expression n/ 4 r\ In the expressions 

( 4 H) A ti u m 4 - Ji" m 1 4 * • ■ 4 ^' Am im + A m = BF, 

m 

(10) Ip/l/Zi, t r) . //(:, £. r), 

I J 
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analogous to (38) and (39) for the functions /'(», z, £, /) and 
G(u, z, £, t), the factor G(u u z, £, t), where m, is the mot of (-IS) 
which reduces to u' for s = f, is the only one which vanishes 
for z = f. To prove this it can he seen in the lirst place that. 
«/ is a simple root of (48) for s f, since the derivative (47) is 
different from zero. Furthermore when z s' no other root // a 
distinct from can make f/(w«, z, £, r) vanish. Otherwise/ 
and 0 would vanish not only at. the values («', r', £), hut also at 
(u%, f — mi', £), where »•/ is the value of u-, for z and 
P(z; £, t) would have two roots, lit' -}■ r' In’ f (' -■ rit' and 
tUi + C — tUi', which are distinct for I ( r and equal to f 
when t — t. On account of the way in which r was selected, 
this is impossible. 

The root U\ of (48), that is to say also of h\ has an expansion 
of the form 


V\ — u' = 


F,(u\ f. £. r) 

W, r. S, r) (: 


in powers of z — f; and the value of (l(u i, (, r I is a series 


F U G, - F.(i u 

Fu 


f) 


whose first term is different from zero, since for the values 
(u', f, £, t) we have 

\F U F t \ %(>/', r\ 0 r\ i) 

Tr u >„(«', a', |) !/„(»', r', £) 

as is readily seen from equations (40). Hence the quotient 
H(z, {, r)/(z — f) is different from zero, and neither //is. i, t) 
nor its polynomial P(z\ f, f) can have more than one factor 
z — tu' — 

§ 14. Applications ok tub I’hkckjhnu Thkouv 

The real transformation 


(50) 


X — <p(u, v) — flioM -f- OfliP -f- « 3 U» J 4 • * •, 

y = V) = bwti + b 0l r + hiulP + • • •. 
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has a singular point at the origin when 


<51) 


bio 

1^10 


tfol 1 

hi 


= 0. 


If one of the elements of the determinant is different from zero, 
it may he assumed without loss of generality to he a l0 ; then 
after two transformations 


n* - ttnu + v' - t\ 

/ / ^10 » 

X ™ ~ - „ * + // 

A10 

the equations (oil) take the form 

x *■* u + « 2 o« a + flaw 4* + * * •. 

(52) 

// s ' ,: ' h$u* 4" h| j ar + h&P* 4* - # ■. 

For eonvenienee the primes have been dropped, and the notation 
for coefficients of terms <4 higher degree than the first is the same 
as tlint in the original equation. It may further he supposed 

that the polynomials 

<pt ^ u f * huU* + h u m 4“ h%$ 


have no common factor, in other words that ht 4 0. The origin 
is then a singular point for the transformation (50) of a very 
general type, since aside from the assumption (51) only inequalities 

on the coefficients of the series have been exacted. 

The functional determinant has the expansion 

/i(a, r) » bnu 4 “ *2b^v 4* * * * * 

and hence has a single branch 

bn , 

(j ra — u 4” # * * i 

mt 

along which I) vanishes and on opposite sides of which I) has 
different signs. The image A of this curve in the *r$e-plane has 
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an ordinary point at the origin, as shown I>y its ecjuutions 


£ = ?/■+ • • • , 


•Ultyji'in 
f> itt 


u" + 


The region 8 in the figure has in it one real (‘lenient of y and at 
most two of \f', since the solutions of y -- 0 li<‘ on a single real 



curve through the origin, and those of ^ ” 0 are either imaginary 
or else lie on two real branches. Ileuee the region 2 which is the 
image of 8 lies on one side only of the curve A and overlaps the 
image 2' of S'. 

Since <pi and have no common factor, the theorems of § i:t 
show that there exist two constants, 5 and <, such that the equa¬ 
tions (52) have two and only two solutions |m(x. //), r t tx, //!, .r, //j, 
[w 2 (», y), ^(x, y), x, y] in the region 

|«| < «, |i>| < «, Jxj < t. \>/\ < t 

corresponding to any (x, y) in the region 
1*1 < S, |y| < 5. 

The functions u u tq, m 2 , b 2 ho defined arc everywhere continuous 
and the two solutions above are analytic and distinct except 
along the curve A. On one side of A they arc imaginary, on 
the other real. 
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Another interesting ease is that of a transformation (50) for 
which again the coefficients are real, and 

dip _ d\p dip d\p 

du ~ dr’ dv du 

Such a transformation might be (‘ailed a monogenic transforma¬ 
tion. It follows at once that <p and must begin with two 
homogeneous polynomials, <p m and \f/ my of the same degree m y 
whi(*h also satisfy the last equations. Consequently 

(p m + ■n/'m = {a + !b)(n + iv) m = p m (a + ib) (cos 9 + i sin 0) m 

and 


(p m = p m (a (‘os md — b sin wd) y \j/ m = p m {a sin mO + b cos md) y 


where a and b are not both zero. These (‘({nations show that 
<p m (u y r) and r) have ea(‘h m real liiu‘ar factors in u y r, 

and that no factor of <p m is also in \[/ m . 

The determinant J)(u y r) has an expansion 


where 


])(tl y r) = + /12w + 

J dtp m ()<Pm 




:m I 


^ __ f Y i f \ 2 

ftyro \ ) \ ) 

du d t\ 


The homogeneous polynomial /)•>,„„ i has no real root, sin<‘e such 
a root would necessarily belong to both d<p m !du and d<p m jdi\ and 
from the (‘({nations 


Wipm = U 


d<Pm 

du 


+ r 


dip m 

do 


u 


d\//m 

du 


+ 



u 


dip m dipm 

dt + * 3m 


it follows that <p m and \p m would then have a common factor. 
Hence there are no real points at which I) vanishes near the 
origin in the wn-plane. 

7 
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The argument of § 11 shows that the elements of y m and yjt m 
separate each other and that a neighborhood of the origin in 
the un-plane is transformed into a sheet winding m times around 
the origin in the .ry-plane, us shown in the figure. This is the 


1 



well-known transformation of the neighborhood of the origin 
in a complex w-plane by means of a relation of the form 

where z = x + iij and w ~ u -f in. The figure is drawn for m •■■■ .'5. 

There are many other special eases similar to those just given 
which might be elucidated by means of the theorems of the 
preceding sections, but for which the methods in the two ex¬ 
amples just given arc typical. It may be of interest, however, 
to exhibit an example which illustrates the use of the theorems 
of § 8 , as well as the behavior of a transformation at singular 
points. 

Suppose that the real un-plane is transformed hv means of 
the equations 

v? m 2 u 3 u 1 r a 

x - — uv + g + 3 > y + wr + 


(53) 
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The functional determinant has the value 


D(u, v) => (u + v)(u 2 + 2u — 2v) 
and it vanishes along the curves 


-w, 


t) = u + 


2 ’ 


which have, respectively, the images 

u f 

x = 2u* + 

(54) 


* = 2 u 2 + y = 0, 


*" 3+8’ 


1r 


y = g- (« +4) 4 


in the j-y-planc. These curves are shown in the accompanying 



figures, the 2 -axis being drawn triply between * = Q and a: =<32/3 
since this segment is described three times by the point (54) 
with varying u. To the auxiliary arc — oo < u ^ — 2, a = 0 
there corresponds the curve 

4/3 j/3 <j/3 

* " 2" + .V - 2 (— °o < m <; - 2 ) 


shown dotted in the figure. 

Consider now, for example, the region a in the wa-plane. 
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Its boundary is transformed into tlu* boundary of the region <v 
in Fig. 10. According to the generalization of the theorem id 



7 





Schoenflies in § S, the transformation defines a one-to-one 
correspondence between the regions a and «>; and the inverse 
functions w(.r, y), r(.r, y) so defined are continuous over o and 
analytic in its interior. 

Consider now the region of points |«, r, .r, //t defined h\ the 
conditions that («, v) shall lie in the region h or on its hoittalan . 
while (x, y ) is unrestricted. There is hut one sheet of solutions of 
equations (5H) in this region, since any two particular solution* 
(u , v , x , y'), (u", v", x", y") interior to the sheet can he joined 
by a continuous curve lying entirely within the sheet, a . nun he 
seen by joining («', r'), (»", r") by a eontimtous curve in /». 
No one of the solutions in question has a projection tx, yi outside 
of /3, since otherwise every point exterior to 0 would he such a 
projection, according to the third theorem of § a or the fourth of 
§ 8, and from the second of equations (alt) it is evident that iio 
solution (u, v, x, y) has a negative value for y. On the other 
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hand every point of /3 is the projection of a solution. Since /3 is 
simply connected, it follows from the fourth theorem of § 8 that 
the sheet of solutions is single-valued and that the equations (53) 
define a one-to-one correspondence between b and /3 similar to 
that for a and a . 

A similar argument can be made for each of the regions shown 
in the figure and its corresponding image in the .ry-plane. 



CHAPTER III 

EXISTENCE THEOREMS FOR DIFFERENTIAE DOTATIONS 

It is not within the limited .scope of these lectures to give a 
complete account of the various methods for proving tin* existence 
of a system of solutions of a set of ordinary differential equations, 
nor would it be advisable, in view of the many able presentations* 
of these fundamental theorems already well known in mathe¬ 
matical literature. It is rather the intention of the writer to 
insist on conclusions which can he derived from known methods 
with regard to the behavior of solutions in any region of size 
and shape compatible with the continuity properties of the 
functions by means of which the equations are defined, as over 
against the usual restriction of the problem to a rectangular or 
circular neighborhood of a particular point. It has been remarked 
by Picard* and Painlevef that if a continuous solution of tin* 
differential equation 

( 1 ) % ■■■- M hi 

exists over an interval « < x < 0, then the Cauchy jm> 1>g«»n.s of 
approximation are defined ami converge uniformly to the solution 
for all values of x in the interval. In § 17 below it in shown that 
in a region II in which the function / is continuous urn! satisfies 
the so-called Lipsehitz condition, the polygons of ( ntu liy pass¬ 
ing through a given initial point (f, jj) interior to H define a 
priori a continuous solution of the differential equation extending 
to infinity or else to the boundary of the region. It follow s then 
that there is a function 

__ y * <p(*. I. y) 

* Comptes Rendu* , vol. 128 (181)9), page YMlk 

f Bulletin de la ttodtli Maihfmatiqm dr Frmm\ vet 2T itHUDi, p, if*I, 

80 
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satisfying the differential equation (1) and defined over a region 
of points (x, rj) of the form 

(£, rj) interior to /?, a(£, 77 ) < x < / 3 (£, 77 ), 

and as x approaches a or /3 the only limiting points which the 
points (x, y) defined by the function (2) can have are at infinity 
or else on the boundary of the region R. 

In § IS attention is (‘ailed to the theorems of Bendixon by 
means of which it can be shown that the function (p is continuous, 
and in certain circumstances differentiable with respect to the 
arguments £, tj as well as with respect to x. The “ imbedding 
theorem ” of Bolza* which asserts that any given solution, near 
which the function / has suitable continuity properties, can be 
imbedded in a one-parameter family of neighboring solutions 
of the differential equation, is an immediate consequence of these 
results, an analogue for differential equations of the fundamental 
theorem for implicit functions proved in § 1. 

The methods mentioned above are applicable almost without 
change of wording to a system of equations 

<l (lr = yu y (P - 1 » 2 > "«) 

when the symbols y and / in equations (1) are interpreted as row 
letters in the way apparently first introduced for differential 
equations by I’eano.f 

An interesting deduction from the theorems for a system of 
equations is the proof of the existence of a solution of a partial 
differential equation 

F (x y " -- 'i = () 

X ’ ■ A dx’ dy) 

which is not necessarily analytic in its five arguments, by means 
of the well-known theory of characteristic curves, as described 
in § 19 . 

* Vorletumgen fiber Variat ionsreehnung, page 179. 

t u Integration par series de« Equations diflf^rentielles lintaires,” Matke- 
matndm Annalen, vol. 32 (1HHH), p. 450. 
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§15. The Convkroknok Inequality 

There is an inequality which is of frequent .stun*ice in the 
existence proof of the following sections and which can Ik* readily 
deduced from a simple preliminary theorem. 

If u is a single-valued function of / with a well-defined forward 
derivative u' at each point of the interval 0 * t />, ami if 

\u f \ < k\u\ 4 * /, 

k and l being two positive constants, then u also .satisfies the 
inequality 

|«[ s |» n !e ( + ^ {<•*' ~ i), 

where v 0 is the initial value of it at / ~ 0. 

Consider the function 

!> = !»„!(•*' + ^ (r u - n 

satisfying the differential equation 

v' = kv 4 a / 

and having |w 0 | as its initial value. The value of » in never 
greater than that of e, sutee othervvise the diifereuee u e 
would vanish and have a positive or vanishing forward derivativ e 
at some point. At a point where u and r are equal, however. 

1 «'| S! X*|«j T / " ke | / r'. 

which is a contradiction. A similar argument shows that -■ u 
is always less than a. 

Ifu is a single-valued f,i net ion of x with well-defined far ward and 
backward derivatives at each point of an inter ml .r„ ■ x • a-,. 
and such that 

!n j A*) u\ + /. 

then, for any £ and * in the interval, u also satisfies the inequality 

W N £ k£)|''* |r ~* + [ (**' < _ j,. 

n 
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This may he proved from the preceding paragraphs by putting 
t = x — £ for values of .r greater than £, and t — — x + £ 
for values less than £. 

§ 10. The Cauchy Polyoonh and their Convergence over 
a Limited Interval 

It is proposed to consider a differential equation ( 1 ) for which 
the funetion/(x, //) is continuous in the interior of a certain region 
It of the xy-phmc, and such that the quotient 

(4) ./ -./. 

is finite when (.r, (/) and (.r, //') lie in any closed region whose 
points are all interior to It. 

A so-called Cauchy polygon for the equation ( 1 ) through a 
point (£, 17 ) interior to It is defined by means of equations of the 
form 

i/i ** v + /(£. ~ £)> 

!h * i/i + /(xt, lh){*-x — *1*1). 

!/ =* //™-i + /(x B _ l , 

The division [mints 

£ < X\ < j- a < 

may be taken for convenience at equal distances 5 from each 
other. Any value .r > £ will lie on one of the intervals x„_ix„, 
and the polygon will either be well-defined for all such values, 
or else there will be a constant 0 such that for every x in the in¬ 
terval £ *' .r < ii the [mints of the polygon are interior to It, 
while for x * the corresponding point (x, y) will be a point of 
the boundary of It. The polygon defined by the equations above 
may be denoted by Pi(x), and the analogous one when the division 
points are distant 5/2" 1 from each other by P*(x). 

A common interval £ l' x C a for two functions P(x), Q(x) 
with respect to any region It may be defined as one over which 
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both are interior to R , and one such that on any ordinate of the 
interval all the points between (.r, /'(.;•)) and (x, Q(x)) are also 
interior points of It. 

Consider now a closed region Iti interior to R and containing 
the point ($, jj), and let m and k be two constants greater respec¬ 
tively than the absolute values of /(.r, ;/) and the quotient, ( I) 
in the region R\. If l> 0 is givni in ml ranee, the partitions for 
any two polygons P(x), Q(x) through ($, 17) ran hr taken so small 
that 

(5) |P(.T)-«Wh^.(e^ f - 1) 

for all mines of x in any common interval of I\x) and Q(x) with 
respect to iii. For at the point (/, y) t where ?/ - P(x ), the equa¬ 
tion 

P' = /(*, P) + {/(*n-1, yn-i) - !u\ P) I - M P) ( P 

is satisfied by the forward and backward derivatives of the 
polygon P. On account of the continuity of /(j\ ?/) there exists 
for any l a constant p such that 

|x - x'| < p, \y - y'\ < p 

imply 

|/(.r,.v) -/(/,/)! < H'2 

whenever the points 0, y) and (x, y') are in li\. If the subdivi¬ 
sions for P{x) are taken less than p and p'm in length, it follows 
that on the polygon P(x) 

\x — k»_i| < p, li’C-r) — y n -i\ < mix — x„ < p, 

and hence the absolute value of p is less than /, 2. Similarly 
Q(x) satisfies an equation 

Q' - f(x, (ft + cr, 

where |cr| < 1/2, provided that its intervals are less in length 
than p and p/m. The difference P — Q has forward and hack- 
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ward derivatives which satisfy the relations 

\r-Q'\ £ I/(j\ /’) -/(-r, 01 + |p| + k| 

< A'|/* - ^1 +/, 

and with the help of the lemma of § 15 the desired inequality 
follows at once, since P and Q have the same initial value 17 at 
;r = £. 

If P( :r) is a polygon and Q{x) a solution of the differential 
equation, or if both are solutions, the same theorem evidently 
holds true, because then the function <r is identically zero, or else 
both p and a vanish. 

The polygons P„(x) all have a common interval. For take 
positive constants a and b such that the rectangle 

(0) 0 ■ x ~ ■ a, |y - 77I < b 

is entirely within R> ami consequently has two constants m and 
k analogous to those above for R\. The portions of the polygons 
in the rectangle (f>) all lie between the straight lines 

1/ — V = =*= w(* r — £), 

since the slope of any side of any one of them is numerically 
less than m. It follows that each is certainly well defined and 
within the rectangle over an interval £ * x f a h where a! is 
the smaller of a and w. 

The setpienee of polynomial* P„(*r) converges uniformly t on the 
interval { x £ + a u to a function y(x) which has a continuous 
derivative and satisfies the differential equation (1). The curve 
y = y(x) so defined is entirety within the region R. 

For take € > 0 arbitrarily, and / so small that 

* {,.*<» -11 <«. 


Then 


|Pn'(jr) - /‘nU)l < l (W‘ - 1 | < <, 
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provided that the intervals 5 / 2 '*'ami 5 2 ” 1 are each less than 
the constant n corresponding to I. Hems* the sequence /\,(.r) 
converges uniformly to a continuous function i/{.r) <m the interval 
£ ^ x ^ £ + «i. 

The equations 

PnW = V + f'Pn'iMr = r, + 

hold for every n, and the sequences |/(.r, /’„) 1 ami lp„| approach 
uniformly the limits/(.r, i/M) and zero, respectiv'ely. Hence 


I i/(.r, /*„) f p„|(/.r 
( 


i/(.r) = i)+ f(.r> i/(x)h/x; 

'h 

from which it follows by differentiation that is a solution of 
the differential equation. 

It is easy to show by means of the convergence inequality 
that there is only one continuous solution >/ ;/i.rl of the dif¬ 
ferential equation ( 1 ) in the region H and passing through (£. ?;). 
For suppose there were another, K(.r), distinct from ;/!.r> at a 
value x’ > £. There would then be a value £ t < ./•' at which 
J/(£i) = I (£i)t and such that the two solutions would he distinct 
throughout the interval £, < x * j-'. In a neighborhood of 
the point of intersection (£,, ip) interior to H a relation 

d(Y — t/ )! 

- ■ ; - !/(•*•, i’) “/(.r.y»! < /,-;}• - ,, 

would be satisfied, and hence, from tin* eonvergeuee inequality (.'!), 

I y-n\ * o. 

This contradicts the hypothesis that >/(x) and )'(x I are distinct 
throughout the interval £ 1 < x g x'. 
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§ 17 . The Existence ok a Solution Extending to the 
Boundary of the Region R 

It lias been proves! in the preceding section that, on a certain 
interval £ " .r • £ -f- oi, the polygonal curves y — P n (x) con¬ 

verge uniformly to a continuous solution y = ;;/(. r) of the differ¬ 
ential (splation (1) lying entirely within the region R. The in¬ 
terval for which the proof has been given may not be the 
largest one on which the sequence of polygons has this property. 
There will, however, be a number ft > £ + possibly infinity, 
with the property that on any interval £ .r ft ,, where 
ft i < ft, the sequence of polygons converges uniformly to a 
continuous solution interior to R. A continuous curve y—y(x) 
is thus defined which has a derivative and satisfies the differential 
equation for all values of .r in the interval £•’.(•< ft. 

,l,v .r approarhru ft ihr poiiitu (.r, f/(.r)) of Ihr .solution run hair 
no limit point [ft, y) inlrrinr to Ihr rnjion R. 

If they did, there would be for any given t a value x' < ft 
such that 

- ft] < !//(•*•') - 7I < *. 

and an Integer X such that, whenever n > X, the ineciuality 

J) — y(x) l \ < * 

would hold for id I values of .r in the interval £ x x f . At the 
value x f in jmrtieulnr 

| I\W) - l\ • \PnU J ) - + lyU') - y\ < €; 

ho that for n ’> X the points (x\ I* M (.r')) would all lie in the 
^-neighborhood nf the point ($, y h About the point 0, 7 ) as 

center a rectangle 

lr — ii J t j// - y' < Ii 

ccndd be described entirely within the region It, and in the portion 
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Ri of R which lay within the rectangle <>r within the region 

£ g x £ x', y(x) — t " >/ ’ y(x) -(■ t 

the ab,solute values of/hr, y) and the quotient ( t) would he less 
than two constants m and h, respectively. It can he shown 
without great difficulty that every polygon /\,(.r) for n * N 
would be defined and lie within the region R for an interval 
extending beyond 0 at least a distance . 11 , where .1 1 is the smaller 
of the numbers A and (B — t — /««)/«. A proof similar to that of 
§ 10 would then show that, the polygons P„(x) converge uniformly 
to a continuous solution of equation (I) interior to /i*i over an 
interval £ £ x 5* 0 + riband consequently 0 could not he the 
upper bound described above. 

As x approaches 0, therefore, the only limiting points of the 
solution y — y{x) are at infinity or else arc boundary points of 
the region R. If R is further a closed region, that is, one con¬ 
taining all of its limit points, then there is hut one limit point 
for the curve y *= y(x) as x approaches 0. her suppose {0, 7 ) 
to be a finite point in any neighborhood of which there are points 
on the curve. About (d, 7 ) a rectangle 

(7) A, Lv - 7l B 

can be chosen arbitrarily, and the points of R lying in it form a 
finite closed set in which \f(x, y)\ remains always less than a 
constant M. On the interval 0 — A \ < x < d, where A 1 is 
the smaller of the numbers si and HIM, all the points of the 
curve y = y(x) satisfy the inequality 

( 8 ) \y — 7 I g M{0 - x). 

For if (*', y') is any point of the curve in the rectangle (7) and 
also in an e-neighborhood of the point (0, 7 ), then the inequality 

I2/-7I g W - ,v| + I y' - 7I 

< M{x' - x) + « 

< M(0 - x) + « 
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must be satisfied by any preceding point P (x, y) of the curve 
y = y(x) for which the arc PP' is interior to the rectangle. It 
follows that the solution must lie interior to the rectangle and 
satisfy the last inequality, at least on an interval x'—A,<x<x', 
where A t is the smaller of A — € and (B — e)/M. Hence the 
inequality (8) is also true on a properly chosen interval preceding 
x = p. It follows that as x approaches p there can be but one 
limit point for the curve y = y(x), and this limit point is either at 
infinity or else is a boundary point of the region R 
When, the, junction f(x, y) in the differential equation 


dy 

dx 


= /(*, y) 


satisfies in a region R the conditions stated at the. beginning of § 16, 
there exists through any interior point (£, y) of the region R one 
and but one continuous solution 


(9) 


y = <p(a, v) 


of the differential equation. This solution is defined and interior 
to R for all values of x interior to an interval 

(10) a(£, y) < x < P{%, y), 

while as x approaches one of the end values a or P, the only limiting 
paints of the. solution are either at infinity or else on the boundary of 
R. If the region R is closed, then the solution has a unique finite or 
infinite limit jxrint as x approaches a or p. 

§ 18. The Continuity and Differentiability of the 

Solutions 

It ean be shown by methods due to Bendixon* that the func¬ 
tion <p(x, {, y) and its derivative <p x (x, £, y), whose existence has 
been pro veil in the preceding sections, are continuous in all three 
of their arguments, and if the function/(a-, y) has continuous first 
derivatives with respect to x and y in the interior of the region R, 
* Bulletin do la NociitS MatMmatigue de France, vol. 24 (1896), p. 220. 
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then <p and <p. r have also continuous first derivatives with resneet 
to all of their arguments. 

. The C0,ltinuit >V lt an « v sot < >f <'• $. v) for whirl, ( S t. „) 

is in R and :r satisfies the inequality (10) is provable wit 1 m he 
help of the eonverjtenee inequality of § i;,. F nr u .;|, 

always be a region R t about the are S of the solution (!)) over the 



interval from * to of the kind symbolic! in the figure. „„,1 
small that, it lies entirely within the region II. If U. \ A* n I A,,) 

is any point in/(, then the solution 

^ ^ H ~~ V’(-r, £ d” Ai, 7) -f- Aij) 

satisfies the inequality 

(11) |*(« + A£,* + V + Ar,)- ^ ^ 

" l Av ) 9 - v"(i f At i, v v 
•*' ]Aj?J -}" w'Al , 

™ ..-... 

(12) 

Hence an long „ | re,>„i„, will,in K ■„ ^ 
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convergence inequality 

% + A£, t? + At?) — <p(x, £, ->7) | {|Ajj| + m[A£| }e'• r—f—AfI , 

the initial values of the two solutions being taken at x = £ + A?. 
If A£ and At? are sufficiently small the expression on the right 
is less than 8 for all values of x belonging to the region R s , and 
hence 8 must be defined and interior to R s for all such values. 
Otherwise, for some interior value of x, it would attain one of the 
values <p(x, £, t?) =t 8, which is seen to be impossible on account 
of the choice just made of A£ and At?. 

Consider now the difference 

|«p(a-+A:r, £+A£, 77 +A 7 ?) — <p(x, £, t?)| 

|<p(*H-A;r, £+A£, t7+At?) — <p(.r, £+A£, t?+At?)| 
+ I + A?, t?+At?) — <p(x, £, t?)|. 

By a step similar to (12), and the inequality (11), it is seen to be 
less than 

?«|A.r| + { |At?| + «;|A£| 


whenever A£ and At? have been so chosen that 8 lies entirely in 
the region R&. Hence the continuity of <p(x, £, t?) is proved. 

To prove the differentiability of <p with respect to £ and t?, 
assume that f(x , //) has a continuous derivative /„ in the region 
R, and consider the same solutions 8 and 8 in the region R s . 
The difference of their ordinates satisfies the equation 

' ^ — /(•<■. <P J r A <p) — /(.r, <p) = AAip, 

where, by Taylor’s formula with the integral form of remainder, 

A = f f y (-T, <p + uAtp)du 
Jo 

is a continuous function of x, A£, At?, the values £, 7 ? being eou- 
8 
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sidered as constant for the moment. Hence 

A Jt Ailx 

A ip = (T ( 

When A£ = 0 or A 97 = 0, the constant c has respectively the values 

C = A^| x *| = (f(^y £, 7) + A?/) ~ V?({, 7?) “ A7?, 

6‘ = <£>(£, |~f A£, 7?) — <p(%y f f(j\ if "{ A<f)(fo 

•'* I Af 

= — A£/({ + 0A£, <p(| + #A£ t £ *f Ai;, ??)), 

where 0 < 8 < 1. Hence the quotients A^/A& Ay*.A t? have well- 
defined limiting values 

\ f' f v o * »•/» 

8 j--/a.ny . ,,, = r 

It may be remarked in conclusion that the theorems which 
have been proved in §§ K5-1.S are true for systems of equations 
as well as for a single one. 

§19. An Existence Theorem for a Partiai. Oikeerentiai, 
Equation of the First Order which is 
not Neckkharii.y Anaiotic 

Proofs have been given b.v Cauchy, Kowalevski, Darboux, 
and others for the theorem that in general there exists one and 
but one analytic surface 

z= s(j \ //) 

which passes through an arbitrarily selected analytic curve (■' 
in the zji-spaec and, with the derivatives 

dz <iz 

. ps *dx' ^ Bir 

satisfies a differential equation of the form 

y, z, p, //) ** (), 
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where F is an analytic function of its five arguments. These 
proofs, however, say nothing about the solutions which may 
exist through a curve C whose defining functions are not ex¬ 
pressible by means of power series; and they are not applicable 
when F itself has not this property. An existence proof is to 
be given below which is based upon much less restrictive as¬ 
sumptions on the functions F and the curve (7. It involves the 
well-known theory of characteristic strips, which are solutions 
of a set of ordinary differential equations. If a one-parameter 
family of characteristic strips intersecting a given curve C is 
properly selected, it will generate a surface 8 which is a solution 
of the differential equation. The existence of the family and the 
differentiability of the surface depend, however, upon the 
existence and differentiability of the equations of the character¬ 
istic strips with respect to the initial values of the variables; 
which they involve, that is, upon theorems similar to those which- 
have been developed in the preceding sections. 

Suppose that the function F is continuous and has continuous; 
first and second derivatives in a certain region It of points 
(#, ?/, z y p, q). The differential equations satisfied by the charac¬ 
teristic; strips have the form 


03) 


dx 

du 


F n 


dp 

du 


F 

* </> 


du 




(, P _ P — nP d<1 

tin lx pht ' dx~ Iy qt *’ 


Through any initial values (£, 77 , f, 7 r, k) interior to Ii these 
equations have a solution with equations and initial conditions 
of the form 


.r = j(«, 17, ir, k ), 

if = */(», £. V, t, K, k), 

( 14 ) z = 2 ( m , $, v, *■,«)» 

V = p(u, £, V, JT, k), 

q = q(u, 77. T. "ir, «). 


£ ir((), (h 77, £, 7Tj k ) t 

n - y(o, £, 7 j, f, 7 r, k), 

t = £. 1), f, S’. *), 

T = MO, 77, 7T, K), 

K = </((), £, 77, f, 7 T, k), 
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and such that each of the functions on the left and its derivative 
for u are continuous and have continuous first derivatives in a 
region of values (?/, £, 77, f> 7r > *■') for which ($, 77, 7 r, k) is a 

point interior to R and v lies in an interval, containing the value 
u = 0 , of the form, 

a(£, V, t, v, 0 < « < £(£» 17. ?. v, k). 

The points (x, y, z, p, <7) so defined are all interior to the region R. 
Along the solution (14) the equations 

(15) px u + </!lu ~ ' 0 

dF 

(10) = Fpc,, + Fyi/u + F ,z„ + F,,p u + F,,q u 0 

are satisfied identically, so that the direction p : 1 / : — 1 is always 
normal to the curve defined by the first three equations. Evi¬ 
dently if F vanishes at a single point of the strip, it will also 
vanish at every other point. The solutions ( 11 ) along which F 
vanishes are called characteristic strips, and any one of the 
strips (14) will surely he of this type if the initial condition 

F(l 77 , f, 7 r, k) ~ 0 

is satisfied. 

Consider now a continuous and differentiable strip of elements 
(17) £=£(?'). y = s ~ r), p ■■ jr{r), </ *{r) 

(tq % v (s) 

which lies in the interior of the region R and satisfies the con¬ 
ditions 

= t), h\ ' 

F(%, y, f, 7T, k) = 0, 1 F, 77,.! ^ 

where the arguments in the derivatives of F are the same ns those 
in the second equation. The first two of these conditions imply 
that the direction tt : k : — l is normal to the curve 

(19) x = £(»), y= 77(e), s~J(r), 
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and that the curve and its strip of normals satisfy the differential 
equation. The third prevents the strip from being a so-called 
integral strip of the differential equation, through which there 
does not in general pass a unique integral surface without 
singularities. To make the situation simpler it will be supposed 
that the projection of the strip ( 17 ) in the .r?/-plane does not 
intersect itself. 

When the functions ( 17 ) are substituted in the equations ( 14 ), 
a new system 

.r = X(u, r), // = Y(u, r), z = Z(u, v), 

(2°) /v , , 

p = v), q = Q(u, v) 

with the initial conditions 


£00 = -Y((), r), £(r) = Z( 0 , r), 

ir(r) = />((), p), k(v) = Q((\ r) 


is determined. There is a region 


(Ruv) A n < B, £ i) £ Oa, 


where A is a negative and B a positive constant, in which the 
functions (20) are continuous, have continuous first derivatives, 
and satisfy the relation 


( 22 ) 



a; 

Y v 


4 = 0 . 


For if M is the maximum of the absolute values of the functions 
on the right in the equations (12), for a closed €~neighborhood of 
the points of the strip ( 17 ) in the interior of /f, then the solutions 
( 14 ) are defined at least over an interval |a| 5 ? e! J/, and the 
absolute values of A and B can be taken at least as great as this 
constant without disturbing the continuity properties desired 
for the functions (20) in the region H uv . The condition (22) is 
satisfied for the values w = 0, ih < r h because of the first 
two of equations (12) and the third of the relations ( 18 ); and the 
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region R uv can therefore he chosen so that the determinant is 
different from zero everywhere in it. 

By an argument similar to that used in proving the theorem 
of § 4 it can be shown that A and B can he restricted still further, 
if necessary, so that no two distinct points (//', /), (//", r") in 
the region R m define the same point U, y) by means 
of equations (20). The houndary of the region /i’„„ is trans¬ 
formed then by the first two of equations (20) into a simply 
closed regular curve in the x.y-plane which bounds a portion 
R xy of the .T?/-plane. The equations establish furthermore a 
one-to-one correspondence between the points of R,„, and those 
of Rxy, and the functions 

(23) v ~ «(x, y), v = r(,r, //) 

so defined arc continuous and have continuous first derivatives 
in Rxy. The others of the equations (20) define then three 
functions 

(24) Z = z(x, y), p = p(x, I/), q ~ q(.r, y) 

which are also continuous and have continuous first derivatives 
in R xy , and which with the values (23) for u and v satisfy tIn¬ 
equations (20) identically in .r, //. 

The functions (20) satisfy the relations 

1>X U + QYu 0, 

(25) PX, + QY, - Z t = 0, 

F(X, Y, Z, P, Q) = 0, 

identically in u, r. The first and third of these follow at once 
from the equations (15), (Hi), the second of the equations (IS), 
and (21). The expression 

12(«,t) = PX„ + QY„ - Z „ 


has the initial values 

(26) 12 ( 0 , v) = 7 r£„ + =* 0 , 
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which vanish on account of the first of equations ( 18 ). Further¬ 
more 

fi w = P U X V + Q U Y V + PX UV + QY UV , 

and from the first of equations ( 25 ), 

0 = /V \\ + QvY u + PX UV + QY UV . 

By subtracting the last expression from that for Q u and using 
the equations ( 13 ) which the functions (20) satisfy, it follows that 

Qu = I\X V + (} u Y r - l\X u - QvY„ = - 

in which the arguments of the derivatives of F are the functions 
( 20 ). Hence with the help of the third of equations ( 25 ) and 
the initial values (20), 

Q„ = - Q = 0(0, v)(i° o. 

The single-valued function z(x, y) defined above over the region 
R X y has the derivatives 




Y u 


\x u 

Zu 

11 

z, 

x„ 

Y„ 

Y u 

- p(*. y). 

ii 

p p 

Zv 

Yu 


x v 

Y„ 


v 

V 

Yu 


found by substituting the functions (23), (24) in the equations 
(20), differentiating the resulting identities, and applying the 
first two of the relations (25). It satisfies the differential equation 
F = 0 on account of the third of the equations (25). Further¬ 
more 

f, Vf «(•*% y)» p(*> y)> <r(*t v) 

reduce to £, rj f 7r, k at any point of the strip (17), since at such 
a point -&(£, rj) = 0 and the relations (21) are satisfied. 

It has been proved therefore that there is a single-valued 
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function 

(27) s = s(j\ If), 

defined over a region R IV of the .r.i/-plane, which is continuous and 
has continuous first and second derivatives, contains the initial 
strip (17), and satisfies the differential equation F ~~ 0. 

There is no other surface 

(28) s = 2 i(j\ !/) 

defined over the region R Iy and having these properties. If there 
were such a one, it would have to contain all of the points of the 
strips defined by equations (20). To prove this, suppose that, 
(x', y', z', p\ <f) is an element belonging to one of the strips (20) 
for values («/, «'). and also to the surface (2S). The equations 

dx d \f 

(29) £ = F„(x, y, z h j>u (ft), ( j u ~ F u (x, <f, =i. /M. <f i). 
where pi and q\ are the derivatives of Zj, have a uni<iue solution 

(30) x ~ Mu), !/ : = >h(ii) 

reducing to x', ?/' for the initial value it = u' and defined over uu 
interval u 1 — « u u' + e. The corrcsi>onding equations 

(31) x = xi(u), y = f/i( m), : - Ziiu), 

V = l>i(«), <1 “ f lt(»), 

found by substituting the functions (HO) in s,, </,, define a 

characteristic strip. For on the surface (2K) the equations 

Ft + F M pi + F p r 1 + />, 0, 

F„ + F,<}i + F„hi + Fjt ~ 0 

are identities in x, y, where r u « u U are the three second derivatives 
of 2i0r, y). As a result of these identities and the equations (29), 
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<Ix i <iy „ , IT 

r lu ~ 7)1 du + qi 7fu ~ ))J<P ' + H**’ 


(52) 


dm 

du 

d<h 

du. 


dx 

[ Tu 

dx 


n 17. + .vi = - F x - piF Zl , 


* l du +f ' du 


d}! 


F v - qj\ v 


where the arguments of the derivatives of F are the functions 
(31). The equations (29) and (32) show that the strip (31) 
is a characteristic strip. Tts initial element for ?/ = u r is 
Or', //', s', 7 /, (/'), the same as that for the strip (20) corresponding 
to r = a'. Hence the two must coincide on the interval u f — e 
< u < l( f € on which both are defined. 

The initial element (21) of any one of the strips (20) is by 
hypothesis on the surface (28). According to the last paragraph 
all of the elements of the strip in an interval \u\ ^ e must also 
lie on the surface, and it follows that there (‘an be no upper 
bound except If for the values of u for which this is true. If 

< If wore such a limiting value, the element (./, y\ s', 7 /, (f) 
corresponding to u r on the characteristic strip would also belong 
to the surface, on account, of the continuity of Zi(x, y) and its 
derivatives; and the interval of coincidence would therefore 
be necessarily longer than 0 5 u < a'. 

For any point (.r, y) in the region R IU there is but one set of 
values (a, r) solving the first two of equations (20), and the cor¬ 
responding value of z from the third equation belongs to both 
of the surfaces (27) and (28). The two surfaces must therefore 
coincide throughout. 

Suppose now that an initial curve of the form (19) is given 
instead of tho initial strip (17). If to any value r ( j defining a point 
(£ 0 , rph fo) of the curve there corresponds a direction ttq : kq : — 1 
satisfying the relations (IS), and such that (£ 0 , rjiu fo, 7ro, kq) is 
interior to if, then there will be a strip of elements of the form 
(17) along the curve containing these initial values for v = iv 
For the first two equations (IK) have the solution (%>, 7r 0 , kq) 
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when their first members are regarded as functions of i\ tt, k, 
and on account of the third relation (IS) their functional de¬ 
terminant for 7T t k does not vanish at these values. According 
to the fundamental theorem of § 1 there is therefore a pair of 
functions 7 r(r), k(v) defined over an interval ft * r * t\* con¬ 

taining t» 0 and satisfying, with $(r), 17 ( r K i'Crb the relations (IS). 

The results of the preceding paragraphs may be summarr/ed 
as follows: 

Suppose that 

(C) x = $(r)* // ~ i}(r) % 2 - fO) 

is a continuous and differentiable curve , at some point ($‘ 0| y iU $* 0 ) 
= (€(t»o). f(pfl)) of which there is a normal r lt : * u : — 1 

satisfying the equation 

^(fot Vot tin 7ro» Ko) - 0, 

Suppose furthermore that 

&(*o) ^|»( $0. 1?(l, fn. 7T(J, K«) | 

I I <>, 

7»W r,(*o, no. fa. TTn, Ku)l 

and that the initial element (£o, ijo, $■„, tto, lien in n region H of 
points (x, y , z, p, q) in it'hie h h is rout in nuns and Inis eontinuuus 
first and second derieatiees. Then there is a strip of the form 

(S) *=£00, y = 17 ( 0 ), z = J-(r), p w(rh </ sir) 

(pi v <, Pt) 

containing (£o, tyo, To. 7r», a.‘o) /w r = r ( |, «/«/ vwA all of its 
elements have the properties aserilml abate to this initial one. If 
the projection Cxy of C in the xy-plane does not intersect itself, the 
• characteristic strips of the differential equation 

VO, y, 2 , p, q) - {) 

which pass through the elements of H simply cuter a region ll, v of 
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i the xy-plane and envelop a single-valued surface 

z = x(x, y). 

This surface is continuous and has continuous first and si 
derivatives in It XUf contains the strip and satisfies the difieri 
equation F = 0. There is no other surface over the region li Ilt i 
has these properties. 
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BY 
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INTRODUCTION 

The relations between mathematics and physics have been 
presented so frequently and so adequately in recent years, that 
further discussion would seem unnecessary. Mathematics, 
however, is too often taken to be analysis, and the role of geom¬ 
etry is neglected. Geometry may be viewed either as a branch 
of pure mathematics, or as the simplest of the physical sciences. 
For our discussion we choose the latter point of view: geometry 
is the science of actual physical or intuitive space. All physical 
phenomena take place in space, and hence necessarily present 
geometric aspects. We confine our discussion to mechanics, 
and consider the role of geometry in mechanics. 

The fundamental concepts of mechanics are: space, time, mass, 
and force. Certain preliminary theories deal with some instead 
of all these concepts. Space by itself gives rise to pure geometry 
with all its subdivisions. According to Sir William Rowan 
Hamilton, algebra is the science of pure time; in fact time is 
the simplest one-dimensional manifold suggesting the notion 
of real number, the continuum, the foundation of analysis. 
Neither mass by itself, nor force by itself, gives rise to an inde¬ 
pendent theory, for these notions cannot be considered without 
considering space also. 

Space and time together give rise to kinematics. If we do 
not consider velocities and accelerations, but only displacements 
(that is, initial and terminal positions without introducing 
9 1 
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continuous motion from one to tin* otherb we obtain Ampere's 
“ geometry of motion A which belongs to purr geometry ratine 
than to kinematics. 

Space and mass give rise to a separate discipline which may 
he called the geometry of masses. This deal* with centers of 
gravity, moments of inertia, and moments of higher type, which 
have been studied extensively in recent years, especially by flu* 
Italian mathematicians. 

Space and force are the essentia! concepts employed in rigid 
statics. Mass and time are not necessary in this theory, which 
deals essentially with the equivalence and reduction of systems 
of vectors. The remaining combinations, mass and time, force 
and time, mass and fore(% do not produce* separate theories, 
since they can not he discussed without introducing also the 
concept of space. 

Consider then space, time, and muss. The principal develop¬ 
ment along this line is Hert/As remarkable "geometry and 
kinematics of material systems,'* a theory entirely independent 
of the concept of force. 

The other combinations of three of the four concepts have 

not produced separate developments. 

Finally, we have the theory which involves all four concepts 
simultaneously, namely, kinetics. 

Although the geometric aspects of the preliminary theories 
are very interesting and important, it is not our intention to 
review the progress which has been made in this line. We 
mention only Ball's theory of screws, Study's (leometrie der 
Dynamen, and the law of duality connecting kinematics and 
statics a law which is not dynamical, hut purely geometric. 

The notion of vector is of course fundamental in many of 
these theories. We recall the fact that there are three distinct 
types of vector used in mechanics: the free vector, the sliding 
vector, the bound vector. These three tyfmn differ with respect 
to the definition of equivalence. In the first theory, two vectors 
are regarded as equivalent when they have the same length 
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and direction (including sense). Such free vectors are employed 
in combining translations, or forces acting at a point. A free 
vector in space has three coordinates. The sum of any number 
of vectors is a vector. 

In the second theory, dealing with sliding vectors, two vectors 
arc equivalent only when they have the same line as well as the 
same length and sense. Such vectors are used in the statics of 
rigid bodies. The sliding vector in space has five coordinates. 
A system of these vectors can not usually be reduced to a single 
vector. The most general system depends in fact on six essential 
parameters: it is a new geometric element which may be repre¬ 
sented either as a screw or a dynamo. 

Finally, in the third type of vector theory, two vectors are 
not equivalent unless they have the same initial point and same 
terminal point, that is the vector is completely bound. Such a 
vector in space depends on six coordinates. The most general 
system depends on twelve essential parameters. This is the 
theory required in the developments of astatics. 

Statics and kinematics have given rise, to very extensive 
geometric developments; but kinetics still is thought of almost 
exclusively as a matter of differential equations. Lagrange, in 
the famous preface to his Mecanique Analytique, stated that 
no diagrams would be found in his work: “Lovers of analysis 
will thank me for adding a new branch to that science.” The 
special object of these lectures will be to point out some of the 
geometric aspects of kinetics, especially properties of the. tra¬ 
jectories described in arbitrary fields of force. While the in¬ 
vestigations connected with statics and kinematics are mainly of 
algebraic-geometric character, our kinetic discussions relate to 
infinitesimal properties, tangents, distribution of curvature, 
osculating conics, and so on: we shall deal chiefly with the 
differential geometry of systems of trajectories. It is essential 
to observe that the properties considered relate not to the 
individual curves, but to the infinite systems of curves. 

To emphasize this point, consider the motion of a particle 
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in a plane field of force*, the force depending only on the 
position of the point. For given initial conditions, the particle 
will move on a definite curve; taking all possible initial con¬ 
ditions, we shall obtain a triply infinite* system of curves. A 
single curve obviously lias no peculiarities, for a particle may 
be made to describe any given curve by selecting a proper force, 
varying from point to point of that curve. The \\ stem of curves, 
however, will have intrinsic peculiarities, for if a triply infinite 
system of curves is given at random, it will not usually be possible 
to find any field of force such that every particle moving in that 
field will describe one* of the given curves there in, for instance, 
no field of force* which produces as its trajectories alt flic circles 
of the planes 

The simplest general property of tin* system of frajeetorirs 
is as follows: If a particle* is sturte*d at a given position in a given 
direction with all possible initial speeds into a field of force, a 
single infinity of trajectories will la* obtained* cm* for each value 
of the speed; construct for e*ach of these runes tin* parabola 
having four-point contact {osculating parabola); the foci of 
these parabolas will always lie* mi a circle passing through tin* 
given initial point. An ec|uivn!ent statement is that the di¬ 
rectrices of the*se parabolas will always be concurrent. In space* 
we employ osculating sphere* and find that flu* 1 o*ih of the 
centers is a straight line*. 

A completely characteristic set of properties, for both the 
plane and space, is given in Chapter I. It m thin possible to 
tell when a given system of curves can nerve* jih n H \ mem of 
dynamical truj<*ctories. A me*thod is obtained For const ruetiug 
the field from its trajectories. If sa\ 11 handful of particles is 
thrown into an unknown field (the* fierce acting at any point 
depending only on the position of the point) and if n photograph 
of the totality of paths is taken, then, without any record of 
velocity or any observation of time*, the field can be constructed. 
In particular it is possible, by simple geometric tents, to dis¬ 
tinguish conservative from non-conservative fields 
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Chapter II deals with the geometry of conservative forces. 
Here the energy equation allows us to group the trajectories 
into ‘"natural families.” Such a family is obtained most con¬ 
cretely as the totality of oo 1 rays or paths of light in any medium 
where the index of refraction varies continuously from point to 
point. The geometric characterization is first given by two 
simple properties relating to circles of curvature; and then by a 
new converse of the theorem of Thomson and Tait. It is seen, 
for example, that if a candle is placed in the atmosphere or in 
any gas of variable density, the oo 2 rays emitted by it, which may 
be curves of very complicated shape, will necessarily have these 
properties: (.■!) the circles of curvature constructed at the given 
source ail meet at a second point; (/J) three of these circles have 
four-point (instead of merely three-point) contact with their 
curves, and these three are mutually orthogonal; ( C ) the oo 2 
rays form a normal congruence, that is, admit oo 1 orthogonal 
surfaces. Natural families are characterized either by (. 1 ) andl 
(/}), or by (.I) and ((”)• 

These results are applied to the propagation of waves in any 
isotropic medium. A second and more complicated converse 
question suggested by the Thomson-Tait theorem is discussed. 
Some interesting optical theorems are given a geometric formu¬ 
lation, but the converse problems are left unsettled. The final 
section deals with the “general problem of dynamics” in the 
sense of the French writers. 

The third chapter deals with transformation theories. It is 
interesting to notice how the most important groups of geometry, 
the projective and the conformal, play essential roles in dynamics, 
the former in connection with arbitrary fields, the latter in 
connection with conservative fields and natural families. The 
infinitesimal contact transformations of mechanics, and a new 
group of space-time transformations are also discussed. 

The chief subject of Chapter IV is a simple problem in con¬ 
strained motion, which includes, and hence serves to unify, the 
theories of trajectories, brachistochrones, catenaries, and velocity 
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curves in an arbitrary field of force. Complete characteriza¬ 
tions are given. Curves of constant pressure and tautoehrones 
arc treated only briefly. 

Chapter V includes brief discussions of more complicated 
problems in motion, for example, the effect of a resisting medium 
on the geometric character of the system of trajectories; the 
motions of any number of interacting particles (the results being 
of course applicable to the problem of three bodies); finally, 
forces depending not only on position hut also on the time, both 
trajectories and space-time curves being studied. The latter 
are constructed, iu the sense of Minkowski, in the fottr-di- 
mensional space (*r, ?/»s» 0* but the application made is to ordinary 
dynamics, not to electrodynamics or relativity theory. 

The main results of ‘the first two chapters (in particular the 
complete characterizations of general systems of trajectories and 
,of natural families) were first given by tin* writer in a series of 
tour papers published in the Trunmeiianx of this Society (H)0f> j 
1910). Some of the other results are given in notes published in 
ithe Bulletin. The last two chapters, as well as many sections of 
\the other chapters, deal with hitherto unpublished results. 



CHAPTER I 

TRAJECTORIES IN AN ARBITRARY FIELD OF FORCE 

§§ 1-8. Trajectories in the Plane 

1. We consider first the motion of a particle in the plane 
under the action of any positional field of force. The general 
equations of motion are 

m dfi “ m df “ ^ ^ 

where m is the mass and <p 9 are the rectangular components 
of the force acting at any point x, ?/. There is no loss of gener¬ 
ality in assuming the mass of the particle to be unity, so we write* 

(1) £ = <p(x, y), y = ^(x, ?/). 

The particle may he started from any position (xo, yo) with 
any velocity (xo» !/o)« A definite trajectory is then described. 
Since the same curve may he obtained by starting from any one 
of its oo 1 points, the total number of trajectories, for all initial 
conditions, is oo a . The differential equation of the third order 
representing this system of trajectories, found by eliminating 
the time from (1), is 

( 2 ) (* - ? /W" - (*, + (*„ - <p»W - <P U y fi }y" - in /"*. 

This is not an arbitrary differential equation of the third order. 
Hence the system of trajectories generated by an arbitrary field 
of force must have peculiar geometric properties, which translate 
the peculiar analytic form of (2). 

* The foU&mng notation is employed throughout these lectures: Dots indicate 
total differentiation with respect to the time t; primes indicate total differ¬ 
entiation with respect to x; subscripts x and y indicate partial differentiation; 
finally, the subscript s indicates total differentiation with respect to the arc 
length a. 


7 
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2. Before stating these, we remark that a more intrinsic basis 
for the discussion is obtained by decomposing the acting force 
into components normal and tangential to the path, instead of 
parallel to x and tj axis as in (I). Denoting these components 
by N and T respectively, the equations of motion arc 

(3) r*/r = A\ - 7\ 

where v denotes the speed, .v tin 4 art 1 length, and r the radius of 
curvature. By dilferentiating the first of the«e equations with 
respect to and comparing with tin* second equation, we can 
eliminate r, obtaining 

(4) (rN) s - 2 7\ 

a relation which defines the trajectories and is equivalent to (2). 

To reduce this to a more explicit form, we introduce an auxiliary 
vector, completely determined by the given field of force, namely 
the space derivative of the force (considered of course as a 
vector). The normal and tangential components of the force 
vector are 

<» j - *. r>. i 

V 1 -f !/'■ V 1 I !/' 

the corresponding components of tlit* new vector are 


( 6 ) 


y _ ” //V. _ tA r 4" ~ V'.'.'/' " W/'"' 

V i 4 . 1/' 3 1 }- ;/'■ 

2 _ + u'i'* __ <rr 4* 4- <A4//' I • 4 ,.'/" 

4- i/' 3 I 4' u 


While the new vector is the * derivative of the force vector, its 
components are obviously not the same as the .* derivatives of 
the old components: the correct relations are found to be 


T. 


T4 


A* 

r ’ 


(7) 


T 

n,= 3t- \ 

r 
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These formulas are sufficient for the discussion of trajectories.* 
By means of (7) we can reduce (4) to the form 

(8) Nr, = - SRr+ 3 T. 

This is the fundamental intrinsic representation of the system of oo 3 
trajectories connected with a given field of force. 

From it we may derive very simply a number of geometric 
properties. But in dealing with the converse questions which 
arise, and in proving the completeness of the set obtained, it is 
more convenient to use the equivalent (‘artesian representation, 
that is, equation (2),f 

3. The Five Characteristic Properties in the Plane. —The system 
of trajectories generated by any positional field of force in the 
plane has the following set of properties, and conversely, any 
system of oo n curves which has these properties will be a system 
of dynamical trajectories. 

* In Home of (he later discussions we shall need nl«o the spare derivatives 
of 91 and X, which may bo written in the form 

= 'Ji, + y, X, - X, + y-\ 

whore 

_ 0xx 4* (20* w — <£xx)//' + (t'uv — ~<t>xv)y >2 _ — 4>ituV ,z 

Jix *“ . ' f i , , 2 , 8/2 " .. 1 

(1 4 * y ) 

w _ — <t>* — 2(0„ 4* 0x)// 4- (<i>x — tu)y'* 

rf ^xx 4* (20xi/ 4- 0xx)//' 4* (4>u» 4“ 20jy)// 2 4- ^uuU >% 

a+,’V 

4 - 0 X 4- 2 ( 0 y — <f>x)y t — ( 0 „ + 0x)?/“ 

1 + 2 /' 

The functions 0, 0 depend only cm the position of the particle; the auxiliary 
intrinsic functions A r , 7\ W, T, s Jh, Ws, Ti, Xs, defined above, depend also 
upon the direction of motion; finally, T ty W,, depend upon the curvature 
of the path. Of. Hull . A wrr. M«//L vol. 15 (1909), p. 475. 

t (4. Tranx. Amvr. Math. Hoc., vol. 7 (1900), pp. 401-424. The result 
contained in property IV of § 3 gives this simple, but apparently overlooked, 
dynamical theorem: If a partiele starts from rest, the initial curvature of the 
path described is one third of the curvature of the line of force through the 
initial position. 
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I. If for cat'll of the co 1 trajectories passing through a given 
point in a given direction we coast met the osculating parabola, 
at the given point, the locus of the foci of these parabolas is a 
circle passing through that point. 

II. The circle that corresponds, according to property 1, to a 
lineal element, is so situated that, the element bisects the angle 
between the tangent to the circle and a certain direetion fist'd 
for the given point (the direetion of the force acting tit the given 
point). 

III. In each direetion at a given point there is one trajectory 
which has four-point contact with its circle of curvature: the 
locus of the centers of the oo* hyperosenlatiug circles constructed 
at the given point is a conic passing through that point in the 
fixed direetion described in property II, 

IV. With any point 0 there is associated a certain conic 
passing through it as described in property 111. The normal 
to the eonic at 0 cuts the conic again at a distance equal to three 
times the radius of curvature of the line of force pushing through 
0. (The lines of force arc defined geometrically by the fact 
that the tangent at any point has the direction associated with 
that point in accordance with projierty II.) 

V. When the point 0 is moved, the associated conic referred 
to above changes in the billowing manner, 'lake uus two fised 
perpendicular directions for the x direction and the i/ direction; 
through 0 draw lines in these directions meeting the conic again 
at A and B respectively. Also construct the normal at O meeting 
the conic again at N. At .1 draw a line in the;/ direction meeting 
this normal in some point .V, and at H draw u line in the x 
direction meeting the normal in some point /#'. Tin* variation 
property referred to takes the form 

d 1 d 1 wm, v - 
FxAA' + FyBIi' + .V* 5B, °* 

where .4x1' and BB' denote distances lietween points, and where 
co denotes the slope of the lines of force relative to tin* chosen 
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x direction. This is true for any pair of orthogonal directions, 



and therefore really expresses an intrinsic property of the system 
of curves. 

4. The most general system of oo 3 curves in the plane is 
represented by an arbitrary differential equation of the third order 

(F 0 ) 

It thus involves am arbitrary function of four arguments. 

A system of dynamical trajectories, on the other hand, is 

represented by an equation of the particular form 

(Fv) tt - j/W" - tt, + tty - <p v )y' - <p v y*)y" - 3 <py"\ 

and thus involves two arbitrary functions of two arguments. 
These are the only systems having all five properties I-V. 

It is interesting to notice just how the successive imposition 
of the properties gradually narrows down the general form (Fq) 
to the particular form (F v ). 

5. The most general system hating property I is found to be 

'F) y - G(x, y, y')y" + II(x, y, y’)y"\ 
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It tlnivS involves iwo arbitrary functions of t/inr arguments. 
This type of course includes the dynamical type* as a very special 
ease. It arises in a number of different geometric ami physical 
investigations. It has therefore its own interest. The char¬ 
acteristic property may be* stated in various ways, all of course 
ecpiivalent to the original form: (I) Tin* osculating parabolas 
of the trajectories passing through a given point in a given 
direction have the foci situates! on a circle* passing through the* 
given point. Five equivalent forms are* us follows; 

I (2). The directrices of the osculating parabolas form a pencil 
It follows that there exists a point (the vertex of this pencil) 
from which all the* parabolas subtend an angle of Ut) \ 

I (2). If for each of the* trajectories considered, we construct 
the (‘enter of curvature of its evolute, the* locus of the eente*rs 
thus obtained is a parabola passing through 0 % ami having its 
axis parallel to the given initial direction, 

I (4). For each e>f the trajectories, construct tin* oaudating 
equiangular spiral. The* locus of the* centers of tin* poles of 
these spirals is a eire*le passing through 0, 

I (a). Construct for each of the* trajectories tin* axis of devia¬ 
tion, that is the Hue* bisecting the* chords of the* <*urve which arc 
parallel and infinitesimally dose to the* tangent. Tin* tangent of 
the angle between the varying axis of deviation and tin* fixed 
normal is a linear function of tin* radius of curvature, 

I ((>). The derivative* of the radius of curvature* with respect 
to the are length is a linear integral function of the radius of 
curvature. This is prae*tie*ally a restatement of lai, 'dime for 
any curve the derivative of the radius of curvature* m known to he 
equal to three times the tangent of tlu* angle* of deviation. But 
in this form it has the advantage of being valid, not only in flu* 
plane, but in space of thre*e and in fact any numbe*r of ditueuMoux. 

If in addition te> property I, we impose property II, tin* function 
II (x, y, y ( ) is specialised to 
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Thus the most general system with properties I and II is 
<*n) 0/' - «)»'" = (?/ - c o)Oy" + 3?/" 2 

where (1 is any function of .r, ?/, ?/, and to is any function of x, y . 
The type thus involves one arbitrary function of three arguments 
and one arbitrary funetion of two arguments. 

(i. Systems with Properties I, II , ///.—Imposing also property 
III, we find that G(x y ?/, y') must be of the special form 

X//'" + yy' + v 
y — co 

Thus the most general system of oo ;i curves having properties I, II, 
III is represented by 

(F m ) ( V ' - «)?/"' = (X?/' 2 + M//' + v)v" + 3i/" 2 , 

involving /o?/r arbitrary functions co, X, r each of the to; 
arguments .r, ;//. 

This type may ho characterized by the following properties 
which are then equivalent to I, II, III. 

I (2). For a given lineal element, the directrices of the oo 1 
osculating parabolas pass through a common point I), 

II (2). When the lineal element turns about the given point 0 , 
the point D describes a straight line passing through 0* 

III (2). The correspondence between the range of points 1) 
and the pencil of elements through 0 is one-to-two of the special 
form 

™ l = X sin~ 9 + p sin 0 cos 9 + v cos 2 6, 

where 4 d demotes the distance 01), and 9 is the angle between the 

element and fixed direction of 01). 

* In the dynamical case this line 01) is perpendicular to the force vector 
acting at 0. For certain special fields the point I) may remain fixed: this 
happens only when the components of the force are conjugate harmonic 
functions, that is when the field is of the type termed “ analytic ” by Lecornu. 
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7. If now wc add the properties IV and V, the four functions 
co, X, n, v appearing in (F m ) must <d»ev the relations 

( F lv ) Xco" + JUCO + V -f- C0 X + OXOy ” 0, 

(jP v ) («» + Xco + n) u — X.r 0. 

Thus the general system having properties I IV involves three 
arbitrary functions of .r, ;/; while that having all five properties 
involves two such functions. 

By integrating these relations, we may express the four functions 
in terms of two arbitrary functions ys i' ns follows: 

^ y„ v"r - i<i ... 

co — > X ~ » p : - > v ™ 

<P <P <r" *P 

These values, substituted in the* type (F m ), actually give rise 
to the type 

— y'tp)y'" = (^,+ “ vV/‘ l//" ~ 

and thus the proof is completed that the set of five properties 
characterizes the dynamical type. 

In connection with the statements I (2), II (2b III (2b property 
IV may be formulated as follows: 

IV (2). In the correspondence described in III (2), if the clement 
approaches the direction of the force the corresponding distance 
01) has for its limiting value 2/2 the radius of curvature of the 
line of force passing through 0. It is to he remembered that 
the direction of the force, and hence also the lines of force, are 
defined purely geometrically in terms of the given triply infinite 
system of curves by the fact that at any point 0 in the plane 
the “direction of the force” is perpendicular to the line de¬ 
scribed as the locus of I) in the above equivalent II (2) of 
property II. 

In the same line of ideas it would bo possible to find an equiva¬ 
lent for property V (thus completing the characterization), but 
the result V (2) cannot be put into simple form. The original 
form V may be criticized as inelegant because in it reference 
is made to a system of cartesian axes. Of course the result 
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expresses an intrinsic property since it is true for all systems of 
axes. It would certainly be desirable to restate the result in 
intrinsic language. This can be done, for instance, by introducing 
the distances cut off by the conic described in IV, not only on 
the normal ON, but also on the two lines inclined at an angle of 
45° to that normal. 1 Iowever it does not seem possible to obtain 
a statement which is both simple and intrinsic in form. 

S. Of course many other properties of trajectories may be 
obtained, either by reasoning synthetically from the five funda¬ 
mental properties, or by reasoning analytically from the funda¬ 
mental differential equation. We state only a few samples. 

If we shoot particles from a given position in a given direction 
with variable speed, the center of curvature of the resulting 
trajectories describes a straight line (the normal) and the focus 
of the osculating parabola simultaneously describes a circle 
(by property II), in such a way that the two ranges (one linear, 
the other circular) are homographieally related; furthermore the 
given point, which is on both ranges, corresponds to itself. 

If we shoot from the same position in a direction perpendicular 
to that previously employed, the new focal circle will be tangent 
(at the given point) to the former focal circle. Conversely if 
two focal circles, for the same point, are tangent, the initial 
directions to which they correspond will be perpendicular to 
each other. 

We shall make use of the following properties which describe 
the disposition of the oo l focal circles constructed at a given 
point. The two results which follow are geometrically equivalent, 
and either may he substituted for property III in the fundamental 
set. 

Ill (3). If for each of the elements at a given point we construct 
the corresponding focal circle, the locus of the centers of the °o l 
circles thus obtained is a conic with one focus at that point. 

Ill (4). The envelope of the oo 1 focal circles is airways a circle.* 

* This enveloping circle is in general position: ifc does not usually have 
its center at the given ix»nt. This simple position arises only when the. force 
is of the Leeornu type. 
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§9. Actual and Virtual Trajhctoiuks 

9. If we consider the motion of a cannon hall in a given vertical 
plane under the action of gravity assumed constant, the triply 
infinite system of trajectories consists of parabolas with vertical 
axes. We do not, however, obtain all vertical parabolas, rep¬ 
resented by the differential equation of the system of trajectories, 
which is here y ,,f = 0, but only those whose* concavity is directed 
downwards. The other vertical parabolas, with concavity 
directed upwards, satisfy the same* differential equation, and 
it is therefore convenient to include them in the* system studied. 
We thus have a distinction of actual and virtual trajectories. 
The latter are the actual trajectories corresponding to gravity 
reversed in direction. 

In an arbitrary field of force the same distinction arises. 
The complete system of trajectories is composed of tin* actual 
trajectories corresponding to the given force, and the virtual 
trajectories which are the actual trajectories corresponding to 
the reversed field. It is obvious that the .\\stetn of trajectories 
is not changed if the force acting at every point is multiplied 
by a constant. If we were considering only actual trajectories, 
it would be necessary to restrict this constant to positive 
values, but as we include both actual ami virtual, the constant 
factor may also be negative. (Of course the constant must 
not be zero, since then the force would vanish and we should 
obtain the trivial system of straight lines.) 

It is easy to show that the* virtual trajectories corresponding 
to the given field may be found by giving the initial speed of 
the particle a pure imaginary value. The cannon hull could be 
made to describe a parabola with its concavity directed upwards 
if only some kind of powder could be invented which would 
cause its initial spew! to he imaginary! 

In discussing the general geometric properties of trajectories, 
we had in mind of course the complete system as defined by the 
differential equation. Consider for example profmrty I: for any 
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given lineal element the locus of the foci of the parabolas oscu¬ 
lating the corresponding trajectories is a circle through the given 
point. The question arises, what part of this circle corresponds 
to the actual trajectories. It is easily found to be the arc of the 
circle cut off by the initial direction line (the common tangent 
of the trajectories considered) on that side which is indicated 
by the force vector. Thus, if we confined our discussion to 
actual trajectories, the focal locus would be, not a circle, but an 
arc of a circle, the are running from the given point 0 to a certain 
terminal point A. If we consider all elements through 0 the 
locals of the corresponding terminal point A is found to be a 
conic passing through 0 in the direction of the force vector.* 
For a given element, the point A, which separates the actual 
from the virtual, may be defined as the limiting position of the 
focus of the osculating parabola as the initial speed becomes 
infinitely large. The osculating parabola in this limiting case 
becomes a straight line, but the focus has a definite limiting 
position. 

An analogous distinction, into actual and virtual, presents itself 
also in the theories of brachistochrones, catenaries, and tau- 
tochrones. The differential equations of the systems of curves 
are satisfied by both the actual and virtual curves, and it is the 
complete systems that we refer to in all our discussions unless 
the contrary is explicitly mentioned. 

§§ 10 If). Thajkctokiks in Space 

10. Consider the motion of a particle, which we may take to 
be of unit mass, in an arbitrary positional field of force. The 
equations of motion are 

(1) x = <p(x, y, z), y = \p(x, y, z), z = xO, y f ^). 

The particle may be started from any position, in any direction, 
with any speed: its motion is then determined by the field of 
* This come is not the same as the conic arising in property III. 

10 
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force, and it describes a definite trajectory. The totality of 
trajectories constitutes u definite system of oo*» curves. (We 
exclude the ease where the force vanishes at every point, the 
trajectories then being merely the o© 1 straight lines.) 

What are the properties of such quintuply infinite systems of 
curves? Obviously an arbitrary system of space curves cannot 
be obtained as the totality of trajectories connected with any 
field of force. In fad. the most general system of curves 
(assuming that oo 1 curves pass through any point of space in 
any direction) would he represented by a pair of differential 
equations, one of the third order and out' of the second order, 
of the general form 


(2) //" = f(x, //, s, / 


tj (j\ //, // 




thus involving two arbitrary functions of six arguments; while 
the dynamical type involves merely three arbitrary functions of 
three arguments. The differential equations representing the 
dynamical type, obtained by eliminating the time from the 
equations of motion, may be written in the form 


- // V )//' 1 


(3) 


- V'f ' 




I v'V + !('<?„ 

a' 1 f 

(x - =V).v". 


■K!i 


The question is to express the peculiar form of these equations 
in simple geometric language. 

The interpretation of the second equation is obvious: the os¬ 
culating plane of the* path passes not only through the given 
initial direction I :»/' : s', hut also through the fixed direction 
<p \ : x; that is, the osculating plane always passes through the 

direction of the force acting at tin* given point. The other 
properties are not obvious;* they take into account the form of 
the differential equation of third order. 


* Tho simplest of these, property II below and certain consequences, were 
first stated in the author’s note published in the Hull. Artur. Math. Hoc., 
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We cannot now, as in the ease of the plane discussion, employ 
osculating parabolas, since our curves are twisted. Three 
consecutive points of a curve determine an osculating circle. 
What do four consecutive points determine? No simple type 
of osculating curve is available, so we shall make use of the 
osculating sphere. The results are therefore quite different in 
form from those obtained in the two-dimensional theory. 

11. The Four Properties in Space .—In order that a system of 
oo r> space curves, of which oo l pass through each point in each 
direction, shall bo identifiable with the system of trajectories 
generated by a positional field of force, it is necessary and suffi¬ 
cient that it shall have the following four purely geometric 
properties: 

I. The osculating planes of the oo n curves passing through a 
given point form a pencil; that is, all the planes pass through a 
fixed direction. 

II. The osculating spheres of the oo 1 curves passing through 
a given point in a. given direction form a pencil; their centers; 
thus lie on a. straight line. 

III. The straight linos which correspond, in accordance with 
II, to all the oo 2 directions at a given point, form a congruence 
(of order one and of class three) consisting of the secants of a 
twisted cubic curve; which cubic furthermore passes through the 
given point in the direction fixed by property I. 

IV. The associated plane systems *S T ', determined by the given 
space system in tho manner described below, have the five geo¬ 
metric properties characteristic of a system of plane dynamical 
trajectories. Consider the given system of oo !i space curves in 
connection with any plane p. Through any point of p there pass 
oo 2 curves of the given system which are tangent to the plane. 
Project the differential elements of the third order belonging to 
these space curves orthogonally upon />, thus obtaining oo 2 

vol. 12 (1905), pp, 71-74. Somewhat simplified proofs were then given by 
Cesilro, in a paper published shortly before his death, in the Mvmorie di 
Torino (1905). The complete net. of properties appeared in the Trans. A mar. 
Math, ttoc., vol. 8 (1907), pp. 121 140. 

i 
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plane differential elements of the third order at the selected point. 
Applying this process to all points of p, we have a defined set 
of oo 4 differential elements of tin 1 third order. These elements 
define a certain differential equation of the third order, and thus 
determine a system of oo 3 integral curves. This we term the 
associated system in the plane p. The space system has the 
property that every one of these plant' systems associated with 
it is a system of dynamical trajectories, and therefore has the 
five properties stated in § 15, which we here denote hv 1,, V,, 
in order to avoid confusion with the four spatial properties. 

These four properties are ordinal!y independent: no one can 
be derived from those which precede it. The question of absolute 
independence is left, open: it is quite probable that IV is suf¬ 
ficiently strong to furnish a complete characterization by itself. 

12. The most general system having property I involves one 
arbitrary function of six arguments besides two functions of 
three arguments. These systems lane the following properties, 
which are of course consequences of property I. 

The oo 1 curves passing through a given point in a given di¬ 
rection have not only the same osculating plane, hut also the 
same torsion. 

If the torsion is given the corresponding initial directions form 
a quadric cone. In particular such a emu* defines tin* directions 
of those curves, through the given point, which admit, hyper- 
osculating plum's. 

If for each of these curves we construct, at the common point, 
the related helix* (that is the helix which agrees with the curve 
in osculating plane, curvature, and torsion), the axes of the 
helices so obtained generate a eylindroid. 

13. The most general system with properties I and II involves 
two arbitrary functions of five arguments, besides two functions 
of three arguments. Two further statements, each equivalent 
to II, are as follows: 

♦An osculating helix, that is, one having four-|t»int coni net wit it the curve, 

does not in general exint, 
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If for each of the oo 1 curves defined by a given lineal element 
we construct the osculating circle and the osculating sphere, 
the distance between the center of the circle and the center of 
the sphere varies as a linear integral function of the radius of 
curvature. 

For the same set of oo 1 curves, the derivative of the radius of 
curvature w r ith respect to the arc length can be expressed as a 
linear integral function of the radius of curvature. 

This last form has the advantage of being valid in space of 
two or any number of dimensions. On this basis, however, it 
would be difficult to formulate equivalents for the higher prop¬ 
erties, so as to obtain a complete characterization. 

14. Property 111 is perhaps the most interesting result obtained. 
The most general system having this property in addition to I 
and II is represented by a pair of differential equations involving 
ten arbitrary functions of three arguments. 

One may ask what is the significance of the cubic curve 
(we denote it by P), which arises in connection with III. To 
each point 0 of space there is related a certain cubic P. If we 
shoot from 0 in every direction with every speed, we obtain oo 3 
trajectories. Kadi of these has an osculating sphere with a 
definite center (l To each of the trajectories there corresponds 
one center C. Usually the center C determines the trajectory. 
However if C lies on the curve I\ there are oo 1 , instead of one, 
corresponding trajectory: in this ease in fact the initial direction 
may be any direction perpendicular to the line joining 0 and C* 
Thus the curve P may be defined as the locus of those points 
which may serve as centers for more than one trajectory through 
the given point 0. 

A simple consequence of III is that the locus of the centers of 
the osculating spheres of the oo 2 trajectories touching a given 
plane at a given point is a quadric surface. 

* Two trajectories through 0 have the same osculating sphere only if the 
initial speed is the same, and if the line through 0 perpendicular to the initial 
elements meets the cubic, F. 
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If the plane varies, the given point being held fixed, the oo‘- 
qnadrics obtained form a linear system.* 

The properties so far eonsidered relate to the curves through a 
given point 0. If we have oo :i curves passing through a point 0, 
oo 1 in each direction, and if, at that point, properties I, II, HI 
are fulfilled, it will not usually he possible to generate the curves 
as trajectories in any field of force. All that follows is that tin* 
relations between </, z', y", z ", z'" an* of precisely the same 

form as those holding for trajectories; and therefore it is possible 
to find (in infinitely many ways) a field of force such that each 
of the 00 s trajectories passing through the given point shall 
have contact of the third order with some one of the given curves. 

15. In order to cause our system to be of the dynamical type, 
it is necessary to restrict the ten arbitrary functions involved 
in the type characterized by I, II, III so that only throe arbi- 
traries remain, namely,the components y, \ defining the field 
of force. This is the rfile of property IV, which states that in 
any plane p the associated system .S' is of the plane dynamical 
type. An equivalent statement is as follow*: 

IV (2). If the oo 2 .space curves touching any plane p at any 
point 0 are projected orthogonally upon p, the plane curves thus 
obtained possess the properties I,„ II,,, Ill,,; when the point O 
varies in p, the direction associated with it b\ II ; „ and‘the conic 
associated with it by III,,, vary in accordance with the restrictions 
expressed in IV,, and V,,. 

It may be remarked that the first half of this statement bolds 
for all space systems having properties 1, 11, III; in fact all 
such systems have also property IV,,. The real restriction is 
in V„. It is also sufficient to consider, instead of ail planes p, 
merely those of a triply orthogonal set. 

§§16-25. The Invkiwk I’koklkm of Dynamics; A Method 
OF GkoMRTKIC IvXI'I.oKATloN 

16. The usual direct and inverse problems arising in dynamics 
are: fi rst, given the force acting on a particle, to find its motion; 

* On the other hand if we vary the given [mint, keeping the plane fixed, 
no simple result is obtained: the ao» quadric* constitute an arbitrary family. 
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and second, given the motion of a particle, to find the force 
acting on it. The first problem is solved by integrating the 
differential equations of motion. The second is solved by dif¬ 
ferentiating the coordinates of the point with respect to the time. 

Suppose, however, that we are given only the path described 
by the particle but have no information about the motion along 
the curve. If merely a single curve is given, the problem of 
finding the acting force would of course be indeterminate. But 
if all the trajectories, described by starting particles in a field 
of force from all initial positions in all directions with all speeds, 
are given, then the field of force 4 is essentially determined (that 
is, up to a constant. Jaetor). Hence if we were given a photograph 
of the entire sj/sitem of curve# generated by Home ( positional) field 
of force, without any record of motion or time , it ought to be possible 
to fend the I me of the field of force. This is easily seen to be true 
analytically; but we 4 wish also a purely geometric solution 
which will enable us to pass from the given curves to the vector 
representing the force at each point of the plane (taking first 
the two-dimensional ease). The result gives what may be 
described as a method for the geometric, exploration of a field of 
force. 

17. First consider two trajectories passing through the same 
point 0 in the same direction. Construct the two osculating 
parabolas. The circle passing through the point 0 and the foci 
of these parabolas will, according to property I, be the focal 
circle corresponding to the* given point and the given direction. 
Then, according to property II, the direction of the force acting 
at 0 will be symmetric to the tangent to this circle at 0 with 
respect to the common tangent of the two curves. An equivalent 
of this construction is to join 0 to the intersection of the direc¬ 
trices of the osculating parabolas: this line is perpendicular to 
the direction of the force acting at 0. 

If we are given two trajectories passing through 0 in different 
directions, then the direction of the force at 0 is not determined. 
The same is true if we are given three curves with distinct 
tangents. 
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]8. If, however, we are given four trajectories with distinct 
tangents, the force direction is (in general) uniguetg determined. 

Consider an arbitrary direction at 0, and let us see if it can 
be the direction of the force acting at that point. Take the 
image of this direction in the tangent to the first of the given 
curves; then pass a circle through 0 in the direction so obtained 
and through the focus of the corresponding osculating parabola. 
Doing this for each of the four curves, we obtain four focal circles. 
If there exists a circle touching these four, the direction tested is cor¬ 
rect. This follows from property III H) of §K. We have then a 
purely geometric problem: to find u direction at 0 such that the 
four circles constructed by means of it shall admit a common 
tangent circle. We may simplify this problem by inverting the 
configuration considered with respect to 0. We then have, 
instead of the four focal circles, four straight lines which are to 
be eoneyelie. As we change the direction tested, these rotate 
simultaneously through etjual angles about four fixed points, 
namely, those obtained hy inverting the four foci. 

Take an arbitrary oriented direction for trial; construct for 
each of the four inverse foci, a direction parallel to the image of 
the tangent to the focal circle with respect to the tangent to 
the corresponding trajectory. We thus obtain four oriented 
lineal elements, one at each of the inverse foci. The problem is 
then to rotate these through the same angle ot, so that the new 
elements shall have eoneyelie lines.* In this position the image 
of the direction of any one of tin* four elements in the corre¬ 
sponding tangent at 0 will give the required direction of the 
force. The only ambiguity, in general, will he in t he sense (arrow¬ 
head) of the force: this, however, may be determined separately 
for actualf trajectories by considerations of concavity and con¬ 
vexity. 

19. The direct analytical treatment is as follows. The dif¬ 
ferential equation of the oo 3 trajectories of any positional field 

* A simple ruler and compass solution of this problem was suggeHtcd m 
the author by Professor Wedderburn, 

t See § 9. 
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of force is of the form 

(?/' — u>)y"' = (A?/ 2 + yy' + v)y" + 2 >y"~, 

where X, y, v, w are functions of a-, y (and have therefore fixed 
numerical values so far as we deal with the oo 2 curves passing 
through a given point 0), the latter quantity a representing the 
slope of the acting force. Each of the four given curves Ci, C 2 , 
C 3 , (\ through the point 0 determines certain values of the 
derivatives //, y", y'"; that is we are given the differential ele¬ 
ments of third order 

Vi", Vi'" (i = 1, 2, 3, 4). 

Substituting these values we have four linear equations 

(?// - 0 >)yr = (X/// 2 + m ' + v)m" + 3 yt A (i == 1, 2, 3, 4), 

from which we can fiiul the values of X, y, v, cc at the given point. 
The required direelion of the acting foree is determined by the slope 




. , ,2 Vi Vi" — 3 yf 

1 >H !// — 
it i 


1 y/ nr 


m 


where numerator and denominator are determinants of the fourth 
order. 

20. By any of these methods we may determine the direction* 
of the vector representing the force acting at any point 0 of the 
plane! I low shall we determine the magnitude of the vector? 
The determination cannot he absolute, since, as already remarked, 
two fields that differ by a constant factor have identical trajec¬ 
tories. The magnitude of the vector at any one point may 
be taken at random, and then the field is completely determined. 

This depends upon the simple fact that if we know the path 

* Of course if all the trajertorieH were given, the. direction of the force 
would be determined immediately by the fact that the curves in that direc¬ 
tion have zero curvature. 
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of a particle and also the direction of the force acting at each of 
its points, then assuming the magnitude arbitrarily at one point, 
it is completely determined at all points. This is an integration 
problem. We know the force vector at the initial point 0, and 
may decompose it into components N and 7’, normal and tangent 
to the given curve. Assuming the mass to be unity, the initial 
speed is given by 

vd 2 rt\\ 

where r is the known radius of curvature. Then from 

= T t 

we may find the rate of variation of the speed for unit of an*. 
The speed at any point P of the curve* is thus found in the form 


where all the quantities in the right-hand member arc* geo¬ 
metrically given. (The integrals throughout are calculated from 
point 0 to point i\) If we denote by 0 the inclination of the 

force to the curve, so that tan 0 = N/T, the* speed is 


Since the speed, that is the motion, is now known, the* magni¬ 
tude of the force is also known. The components at any point /* 
are 


t*ol $ 

N = AV' y ' 


ih f 


r ® N cat 0. 


21. We .see that the construction of the field may he carried 
out without knowing all the oo 3 trajectories. Ho far as the 
direction of the force is concerned, it is sufficient to know at 
each point of the plane either two trajectories with a common 
tangent, or four trajectories with distinct tangents. So fur as 
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the magnitude is concerned it is then sufficient to know oo 1 tra¬ 
jectories through one point 0 , one for each direction, since we can 
then integrate from this point to any point of the plane* along 
some one of the curves. 

A field oj joree is ni general determined, and may be constructed, 
if we know doo 1 out of the totality of oo a trajectories , each of the 
four systems of oo 1 curves covering the plane (or the region 
considered) simply, that is, one passing through each point of 
the plane. 

The complete 1 system of oo a trajectories is thus determined in 
general by four systems of oo 1 trajectories. Further reduction 
is possible. In general doo 1 curves determine the totality, but 
no simple constructions are then available. If two simply 
infinite' systems of curves (that is, a nc v t of curves) are assigned 
arbitrarily, a corresponding complete system can be found in a 
large infinitude' of ways: the e*om\sponding field of fore*e is not 
determined up to a constant, but involves arbitrary functions. 

The first and most interesting example of the geometric ex¬ 
ploration of a fieid of force' arose' in Bertrand’s discussion of 
Kepler’s laws. The' first of these laws (every planet describees 
an ellipse having the' sun fora focus) is geometric, while the second 
and thirel are' kinematic (involving the' areal velocity and the 
perioel). Tim first law determiims all the trajectories, and there¬ 
fore eh'te'rmhms tlm fie'ld of forcc\f lienee the newtonian law 
of gravitation cun be 1 de*duce*d from the first law alone, insteael of, 
as usual, from all thrt'e. Bc'rtranel thus <‘oim]ud<\s that the 
otlwr twe> laws are <‘onseejue'nce*s of the first. If Kepler had been 
a mathematician of tlm twentieth eemtury, he would have stopped 
his laborious observational inductions after noting his first law, 
and de'duced the' other two analytically. 

The' first law, in Bertrand's disc'ussion, is of course to be taken 
ideally: not only the actual planets describe conics with a focus 
at the sun, but every particle starting from any position with 

* That, is, in some' region of the' plant' -in some' neighborhood of 0. 

t It is asHume'd, of course', that the' force' depends only upon the position 

of the' planed. 



28 


THE I* HI NO ETON COLLOQUIUM. 


any velocity describes such a conic. From what has been 
stated above it is sufficient to limit the observations to four 
simply infinite systems of conics in 44 general ” position. 

On account of the last phrase, if is easily possible to commit 
errors in the application of the result. It would be possible to 
give 4oo ] or even 00 2 conies in certain special ways, so that the 
field is not determined. (See § 2.'i) 

22. This raises the general question: Horn want/ trajectories 
may be common to two distinct fields of force'! 

The first field, defined by its components \p, has a system of 
oo 3 trajectories with a differential equation 

0/ - u)y'» = (X// 2 + pa/ + *)//" T 

the second field, with components has a system of tra¬ 

jectories given by an analogous equation 

(?/ - «,)//"' = (X,/ + AM//' H- *',)//" }• 

If there are any .solutions in common,* they must satisfy the 
equation of second order 

3(w - ui)y" = (//' - w)(X l //' 2 + Mi//' d- *'0 

— (//' — wiHXy'* (■ m//' f* i')- 

Two systems of trajectories cannot hair marc than oo- curves 
(one through each point in each direction) in common without 
coinciding. If they have oo 9 curves in common the differential 
equation of the second order defining these curves must he of 
the cubic formf 

y" = -V + Iiy'~ f Vy' + J), 

where the coefficients are functions of x, y. 

Usually the solutions of the equation of the second order will 

* In addition to straight, lines, y" •> 0, whirh lire common to nil systems, 
t This form is characterised by the fnet that the locus uf tin* eenters of 
curvature of the curves passing through a given (mint is » simtihI tyjie of 
cubic curve. Cf. Amer. Jour. Math., 1008, p. 207. 
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not satisfy cither equation of the third order and the two systems 
will have no curves in common. An example showing that the 
two systems may actually have oo 2 curves in common is given 
by the fields 

<P = x, 4y; <p x = x~ 3 , - 1, 

where the equation of second order, 

•m" = ?/, 

defines °o s curves y — a.v- + b, which are trajectories in both 
fields. 

23. A fortiori -too 1 curves, or any number of simple systems, 
may belong to two distinct fields. If the four simple systems 
arc given in the form 

?/' = M-r, y) (i = 1, 2, 3, 4), 

the field, if it exists, will be uniquely defined provided not all the 
determinants of fourth order in the matrix 

II//, Mi, MO M, 3// 2 -/,//'! | 

vanish identically. Here the primes denote complete differen¬ 
tiation with respect to .r» so that 

/'=/*+//*. 

/" - /,X + ~ff*v + f%y + hfy + //iA 


This is the exact formulation of the result stated previously “in 
general/’ 

24. (’onsider the simplest of all fields, gravity assumed constant. 
If a cannon hall is projected in any way into the field it describes 
a vertical parabola, (’diversely if every path in an unknown 
field is a vertical parabola, it follows that the acting force is 
vertical and constant in intensity. IIow many cannon ball 
experiments would have to be made in order to arrive at this con¬ 
clusion? 

We confine the discussion for simplicity to a fixed vertical 
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plane, taken as the .ry-plune, so that the equations of motion are 
j* = 0, ft = I 
and the trajectories are the oo :l parabolas 
// = a.r -f- hr "b <\ 

Suppose first the cannon is kept in one place, say the origin, 
and the ball is fired in all directions with all initial speeds, giving 
in all °o 2 parabolas 

y = + hr. 

This would not be sufficient to prove that the field is uniform. 
Another possible field, for example, is 

i — f/ - ttx 

In fact there are oo 2 distinct fields each consistent with the given 
set of oo 2 parabolas. 

The same is true if we confine our geometric experiments to 
the oo 2 parabolas \j — mr 2 + v found by shooting horizontally 
from every point in the axis of ordinates with variable initial 
speed. The differential equation of this family is ,r//" //, 

precisely the one given at the end of § 22, and so the two forces 
there given are consistent with the experiments, just ns much 
as ordinary gravity. 

If however the shots are fired from all points in the axis of 
abscissas, with all initial speeds, at the fixed inclination of 45*\ 
producing as trajectories the oo 2 vertical parabolas whose foci 
are on the axis of abscissas, the field must he uniform (/rarity. 
The only possible field is in fact i 1 ~ 0, // « constant. 

The same is true if we fix the amount of powder, that is the 
initial speed, and shoot from every point cm the ground (the 
axis of ar), at every angle. This gives oo 2 parabolas with a 
common directrix. 

As an example of a set of 4o© ! observations that would be 
sufficient, we mention only the ease of shooting from four* 

* It may be that three stations are sufficient, hut this requires a separate 
discussion. Two stations would certainly not suffice. 
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stations on the ground, pointing the cannon at the angle 45°, 
and using all initial speeds. 

25. ("(insider very briefly the general inverse problem in space 
of three dimensions. The determination of the magnitude of 
the force involves the same considerations as in the plane ease. 

If we are given two trajectories through 0 in the same direction, 
the osculating planes must coincide. The force acts in this 
common plane; its direction is determined by projecting the 
given space curves orthogonally on this plane, and then using 
the plane construction described above. 

If we are given two trajectories with distinct osculating planes, 
the initial directions will be necessarily distinct; the force-direc¬ 
tion is then determined by the intersection of the osculating 
planes. 

If we are given two trajectories through 0 in different direc¬ 
tions, but with the same osculating plane, the direction of the 
force is not determined. Wo need in fact four such curves with 
the same osculating plane and different directions before the 
force-direction is determined: the requisite construction is again 
obtained by orthogonal projections of the curves of the common 
osculating plane, thus reducing the problem to that considered 
in the two-dimensional theory (ef. § IS). 

§§ 2t> 27. Tests for a Conservative Field 

2f>. Since the system of trajectories determines the field of 
force, it ought to be possible to find out from the trajectories, 
whether the field belongs to any special type, for example, whether 
the field is central or conservative. 

The lines of force are determined geometrically by property I 
in the plane and property 11 in space. The field will be central if 
the lines of foree are straight lines passing through a common 
point. 

We now give a number of tests any one of which will distinguish 
a conservative from a non-conservative force. It is not possible 
to decide this from the lines of force alone. 
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1°. First consider the plant* theory. Here there is for each 
point a certain conic determined l>v the trajectories in accordance 
with property III of § 3 as the hums of the centers of the hyper- 
osculating circles. For a Conner vat hr field {and for no other) thin 
conic in ahvayn a rectangular hyperbola . 

2°. In connection with property III (3) of § S we have this test: 
The conic which there appears as the locus of the centers of 
the focal circles is in the conservative ease merely a straight line. 
That is, the fond circles constructed at any point all have a 
second point in common. 

3°. The focal circles corresponding to two perpendicular 
directions are, in any field, tangent to each other. In the con¬ 
servative case the two circles coincide, 

4°. In any field two trajectories through a given point 0 
exist whose osculating parabolas have the same given focus. 
If for one given focus the trajectories are orthogonal at (), this 
will be true for any given focus. When this is the ease for every 
point 0, the force will he conservative, 

27. In the three-dimennioiutl theory, tin* lines of force in the 
conservative case necessarily form a normal congruence; but 
this is not a sufficient test. All the tests given below are both 
necessary and sufficient. 

1°. First consider property III of § 11. In any field there corre¬ 
sponds to each point 0 a certain twisted cubic curve l\ The con¬ 
servative fields are distinguished by the fact that the cubic 1" is, 
for every point 0, of the rectangular type.* 

2°. An interesting kinematic test, connected with the theorem 
of Thomson-Tait, is the following. If from any point 0 we shoot 
with a given speed r 0 in every direction, oo' 4 trajectories will be 
obtained. If these form a normal congruence (that is admit a set 
of orthogonal surfaces), the same will necessarily be true for any 
other speed Vq. The Irajectorien atari imj out from any point with 

* That is, the cubic intersects thi* plane at infinity in three mutually 
orthogonal directions. All the quadrics passing through the curve arc then 
of the equilateral type. 
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a given speed form a normal congruence when, and only when , the 
field is conservative. 

The necessity of this condition is included in the Thomson- 
Tait theorem discussed in the next chapter. Its sufficiency, of 
course, requires a separate discussion which is connected with 
the theory of velocity systems. 

3°. In order to make the preceding test purely geometric, it is 
necessary to have a geometric* method of assembling those tra¬ 
jectories which, starting from the same point, correspond to the 
same initial speed. Such a. method is readily found from the 
fact that the square of tin* speed varies directly as the radius of 
curvature and directly as the normal component of the force. 
The oo 2 trajectories corresponding to a given speed have circles 
of curvature intersecting each other at the same point on the 
line of the force vector; that is, the centers of curvature lie in a 
plane perpendicular to the direction of the force acting at the 
given point. In the- conservative case, the oo 2 trajectories so 
selected form a normal congruence. 

4°. Among tin* oo 2 trajectories considered there are, for any 
field, three which admit hyperosculating circles of curvature. 
The three initial directions thus determined will be mutually 
orthogonal when and only when the field is conservative. 

Only tost 1° is directly connected with the set of properties 
I IV of page 19. The other three are suggested by the discussion 
of velocity systems (cf. § 32). 
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NATURAL FAMlLIUS; THU GFOMKTRY <>F c‘uNSKRV ATIVM 
FI HI,US OF FOROK 

§ 2S. OltKJlN AND APPLICATION UK TUK N \TUUL Tu*k 

2*S. We now consider the properties of tin* trajectories gener¬ 
ated hy conservative fields of force. The total s\ stem of tra¬ 
jectories will have flit' genera! properties previous!) considered 
For an arbitrary field of force, together with the additional proper¬ 
ties stated in §§ 2th 27, peculiar to the eoiiservut iv «• easts 

An entirely new feature presents itself, due to the fact that 
the differential equations of motion admit an integral of tin* 
first order, namely, the energy equation. I hiring any motion 
of the partiele in the given field, the stun of the kinetic and 
potential energies is constant; thus each motion corresponds 
to a definite value of the constant /i, representing flu* total energy. 
The motions may therefore be grouped according to flic values of 
h . Those corresponding to a given value form what may be 
termed, following Painlevth a mttitntl familv. 

Thus, in space of two dimensions, the complete s\stem of 
trajectories for a given conservative field of force consists of oo :l 
curves grouped into oo l natural families, each computed of 
curves. For example, in the ease of ordinal*) grav it) the tra¬ 
jectories are the oo 4 vertical parabolas (in a given vertical planch 
and the natural families are formed by grouping together those 
parabolas which have the same fhori/.ontid \ line an directrix. 

In space of three dimensions, tin* complete system contains 
°o 8 trajectories grouped into ®o* natural families, each containing 
°° 4 curves. Examples are the oo* parabolas with vertical axes 
whose directrices are situated in a fixed horizontal plane; and 
the oo 4 circles orthogonal to a fixed sphere. The Amplest ex¬ 
ample, correspond!tig to the case of zero force, is the straight 
lines of space. 


34 
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This grouping of the trajectories according to the values of 
the total energy constant, that is, into natural families, is funda¬ 
mental in most dynamical investigations relating to conservative 
forces, in particular, those connected with the principle of least 
action and the developments of Hamilton and Jacobi. From 
this point of view, dynamical problems relating to the same 
field of force, but having distinct values of h , are considered as 
essentially distinct problems. Quoting Darboux: “ This re¬ 
striction is in accordance with the spirit of modern mechanics 
which attaches less importance to force than to energy, and which 
permits us to regard as distinct two problems in which the force 
function or work function is the same, but the total energy is 
different.” 

It therefore seems of interest to work out the purely geometric 
properties of natural families. According to the principle of 
least action, such a family is made up of the extremals defined 
by the variation problem 

f tJW + hds = minimum, 

that is, the curves which cause the first variation of the integral 
to vanish. This follows from the fact that the speed v, in the 

action integral f vds, is determined by the energy equation 

= 2 (W+h). 


Abstractly, a natural family of curves may be defined as one 
which can be regarded as the totality of extremals connected 
with a variation problem of the form 

fFds = minimum, 

where F is any point function, that is, any function of x, y, z in 
the three-dimensional case. 

Such families arise not only in the discussion of trajectories, 
but also, for example, in the discussion of brachistochrones, 
catenaries, optical rays, geodesics, and contact transformations. 
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Tlic brachistochrone problem fora conservative field with any 
work function IF leads to the integral 

f,n - f , * . 

J \'tr f h 

Thus the complete system of' brachistochrones is made up of 
oo 1 natural families, one for each value of h. 

When a homogeneous, flexible, iuextensible string is suspended 
in the conservative field, the forms of equilibrium, which are 
termed catenaries in the general sense of the word, are obtained 
by rendering the integral 

/tir-f huh 

a minimum. lienee hem also we have x>* natural families, one 
for each value of h.* 

Consider an isotropic medium in which the index of refraction 
v varies arbitrarily from point to point. The paths of light in 
such a medium, according to Fermat's principle of least time, 
are determined by minimizing the integral f vih and hence form 
a single natural family. This is the most concrete way of defining 
a natural family. 

The connection with the theory of geodesies is obvious. 
Ilius in the two-dimensional ease the geodesies of the surface 
whose squared element of length (first fundamental form! is 
V*r, ?/)(f/.r + dir) are found hy minimizing fin* inform! f VX d*H, 
and hence the representing curves in the j\ y plane eoustitute 
a natural family. Hence if any surface is represented eon formally 
on a plane, the geodesies are pictured hy a natural family of 
curves in that plane. The extension to more variables is e\ ident : 

The complete systems of oo 6 hraehistoehrones and *> & catenaries have 
geometric properties distinct from each other and from those of the 
trajectories. no cpiintuply infinite system of curves ran he at the same time 
the system of trajectories for some* field and the system of brachistochrones 
or catenaries in either the same or a different field. The* distinctive properties 
for an arbitrary field are given in § 107, p. 04. CT. § io:$. 
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any natural family in any space may be obtained by conformal 
representation from the geodesies of some other space.* 

As a last application we consider the transformations which 
Sophus Lie has termed the infinitesimal contact transformations 
of mechanics. In the plane case, such a transformation is 
defined by a characteristic function of the special form 
f2(.r, //) (1 + i/ 1 ) 1 and is characterized by the fact that the lineal 
elements at each point are converted into the elements of a 
circle about that point as center. The path curves of every 
contact transformation of this category form a natural family. 

§§21) 31. Characteristic Properties A and B 

29. Osculating Circle#'—Property J.—We now consider the 
general geometric properties of a natural family in ordinary 
space, that is, the totality of oo 4 extremals connected with an 
integral of the form 

(1) JV(.r, ?/, s)^l + !/'- + z’-dx. 

The differential equations of the family are then the corresponding 
Euler-Langrange equations 

//"- /U(i + / +A 

(/-, -s7.,)<l + / +A 

where 

L = log F. 

Of the to 4 curves in this family oo 2 pass through any given 
point p, one in each direction. Our first result is: 

Theorem 1: The c© 4 curves in any natural family have this 
property: the circles which at any point p of space osculate the oo 2 
curves passing through that point, lane a second point P in common 
and thus form a bundle . 

* A natural family on a given surface may be regarded as a family of 
pBeudo-geodemrH, that in, one which may be obtained an the conformal picture 
of the goodemeH on Home other nurfaee. 
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Tliis property we shall refer to as pwpt'rhj J. In tin* discussion 
it is convenient to decompose it into these two statements, also 
relating to the oo 2 curves through a gi\en point: 

(-10 The osculating planes constructed at the common point 
form a pencil, 

(O 2 ) The centers of curvature lie in a plane perpendicular 
to the axis of the pencil of osculating planer 

A proof of the theorem stated is ensth obtained by regarding 
the family as made 1 up of dynamical trajectories, Property ,lj 
results from the fact that the osculating plane of a trajectory 
always passes through the force vector. Property J . is proves! 
by noting that those trajectories through a given point, which 
correspond to the same value of the total energy / 1 , are* all 
described with the same initial \eloeity r u . Tin* radius of 
curvature at the initial point is given b\ the formula 

r i A, 

where N denotes the component of the fores* along the principal 
normal. Since X is the orthogonal projection of a fixesl vector, 
the locus of its terminal point will be a sphere through the initial 
point. The conclusion then follows from the fact that r varies 
inversely as X, 

• The following analytical discussion has the advantage of 
answering the converse question which naturally arises: Are 
there other systems with property ,I? 

The differential equations of any system of < * spurt' curves, 
one determined by each lineal element of space, mnv be assumed 
in the form 

(3) j/" * //, s, ;/\ sO, r," ^ f/U% //, 

Property A\ requires that at each point there shall be a certain 
direction through which all the osculating plant's at that point 
must pass. Ix*t the direction in question be given In the ratios 
of three arbitrary point functions 


(4) 


$(•**> V> lit %)* x(A //» 2); 
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then the requisite condition is 


(S) 


y" 


Property A > requires that the centers of curvature shall lie in 
a plane perpendicular to the direction (4); hence 


(0) 


<f>A H“ \pY -T 


where A\ Y , Z denote the coordinates of the center relative 
to axes with the common point as origin. Using the general 
formulas for the (‘enter of curvature, and combining with (5), we 
find 

Theorem 2: The differential equations of any system of curves 
possess in (j property A are of the form 

?/"= (*-.vW(i +/ +A 

(0 8" = (X- S»(l + / + A 


where <t>, \[s, x are arbitrary functions of ,r, ?/, z. The converse is 
valid also. 

The equations (2) are seen to be included in this form, hence 
the result- certainly holds for our natural systems, as stated in 
theorem 1. 

30. Hyperoscnlations Property Ii. --The circles of curvature 
at a given point, for any system of the form (7), constitute a 
bundle. We now impure whether any of these circles correspond 
to four-point, instead of three-point, contact. 

If a twisted curve is to have an hyperoseulating circle of cur¬ 
vature at a given point, two conditions must be satisfied, namely, 


(«) 

(9) 


1 / z' 
0 y" z" 
0 y' n 


= 0, 


dr 

ds 


0 . 
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The first of these states that the osculating plane has four-point 
contact with the curve; the second, in which r denotes the radius 
of curvature, is the condition for the existence of an oscillating 
helix, i. e., one with four-point contact. When lmth conditions 
hold the helix is simply the circle of curvature, which then has 
hypereontact. 

Applying these conditions to the curves defined by (7 ), we find, 
from (S), 

(10) - //W ~ (X - ~V>Y I <//'\ “ ></*' 0; 

and, from (0), 

(11) (1 + / + - <d> I i :'\t 

v 1(1+/ f <!>' f I sVI n 

*j ~ (</> ( u'4 | syr f. 

where the indicated summations extend over </»,<£, \ ami where 0', 
for example, denotes 4> g -j </'</>„ + 

Since we wish to discuss the oc- eur\cs through a given point, 
we may simplify our equations considerably by taking the axis 
of abscissas in the special direction (It. Then, at the selected 
point, ^ and x vanish, and the nhme equation* reduce to 

( 10 ') 1 /Y - zy > 0 , 

( 11 ') (/' + z'-)(<f>' — 4 ?) — ()/'$' | •, Y > o. 

Neglecting the trivial solutions for which i/’ 3 1 Y vanishes, 
we may reduce this pair of simultaneous equations to the form 


( 12 ) 


i / x+y , 'P v +z'\p, __ x, l y Y! 

y' " z' 


4>, 1 y'4> a 1 z'4>i—4?. 


I his set of equations for the determination of >/', s' i < of a familiar 
type, namely, that arising in the determination of the fixed 
points of & collinention, and is easily shown to udmit t hree solu¬ 
tions.* Hence 


* Of course in special eases some of these may «■<, or the niiiotier 
of solutions may become infinite 1 . The theorem stated is trite ” tu to’itcrni '* 
in so far as it omits these cam* whieh are detinitrly imsiiondde. 
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Theorem 3: The curves defined by equations of the form (7) 
are such that through each point there pass three with hyperosculating 
circles at that point. 

Since the form (7) is characterized by property A, it follows 
that the existence of three hyperosculating circles in each bundle 
is a consequence of property .1. 

We state two further properties, found by considering the 
conditions (1()') and (11') separately. 

The tangents to those curves of a system (7) which pass through a 
given point and there have an hyperosculating plane form a quadric 
cone. This (‘one passes through the special direction (4). 

The tangents to those curves which have an osculating helix at the 
given point form a cubic cone. This cone passes through the 
special direction (4) and through the minimal directions in the 
plane normal to that direction. 

These properties hold for natural families since they hold for 
all systems with property A. By comparing (7) with (2), we 
see that the functions <j>, \f/, x hi the case of a natural family are 

(Id) <j) = Lxt ^ = J jy<t X == I'z] 

and lienee are connected by the relations 

(14) — Xu = x,r ~~~ = o, <t> u — yl*x= o. 

We now impure what is the effect of these relations on the 
directions of the hyperosculating circles. Introducing, for 
symmetry, 

(1J5) X : Y:Z - 1 :y f :z\ 

we may write our equations (12) in the homogeneous form 

XY-f*XZ=Q, 

(io) — yz— xyX r+ (<£*—$ 2 — x*)xz= o, 

}[/xX~- m <f)yY 2 —4> x YZ— T+^ x A/v = 0. 

In virtue of (14), each of the quadric cones (10) is seen* to be 

* The condition for such a cone is that the Bum of the coefficients of X 2 , 
F 2 , and Z 3 Hindi vanish. 




42 


tiir ckinukton colloquium. 


of the rectangular type. Hence the three generators common 
to the cones must be mutually orthogonal. 'Phis gives 

Theorem 4: In the ease of tiny natural family the three hyper - 
osculating carries which exist in any bundle are mutually ortluujonaL 

We refer to this property as property H. 

31. The relations (11) are seen to In* necessary as well as 
sufficient for the orthogonality in question. lienee property Ii 
is the equivalent of (14), and serves to single out the natural 
families from the more general class defined by equations of 
form (7). The hitter form was characterized by property A; 
hence we have our 

Fundamental Theorem: A system of oo l curves, one far each 
direction at each point of space, mill constitute a natural family 
when, and only when, it possesses properties A and H: that is, the 
osculating circles at any given paint must form a bundle, and the 
three hyperoseuluting circles contained in sueh a bundle must be 
mutually orthogonal. 

§ 32. General X'kukth Systems 

32. The most general system with property A is represented 
by differential equations of the form 

//" ~ - y f <h)(l 4- /' t s /r ’h 

c" = (x-cW + / 1 = #? b 

and thus involves three arbitrary funetions. Only in the ease 
where these funetions are the partial derivatives of the same 
function is the system a natural one. We now point out a 
dynamical problem that leads to the general type (7): this 
justifies the term velocity system which we hereafter employ to 
denote any system of this type. 

Consider a particle (of unit mass) moving in any field of force, 
the components of the force being <t>, X* The equations of 
motion are then 

£ « 0(.r, ?/, z), y « ^(.r, //, z) f 2 - xU'* //. =)• 

If the initial position and the initial velocity are given tin* motion 



ASPECTS OF DYNAMICS. 


43 


is determined. If only the initial position and direction of 
motion are given, the osculating plane will be determined but 
the radius of curvature r will depend for its value on the initial 
speed v. Hence, in addition to the usual formula 

V 2 = X 2 + if + 2 2 > 

there must be a formula expressing v 2 in terms of x, y, z, y', z', r. 
This is furnished by the familiar equation 

v 2 = rN, 


where N denotes the (principal) normal component of the force, 


so that 


N n - = 4 ? + ^+ x 2 - 


+ v'f + z' xf 

1 _|_ y > 2 _|_ z > 2 


The result may he written in the two (equivalent) forms 

(-/'-.v^)(l+/"+^) = (x—-'<£)(l+?/ 2 + 2 ' 2 ) 

r y" z" 

In the actual trajectory v varies from point to point. If now we 
replace v 2 in this result by some constant, say 1/c, the resulting 
equations may be written 

y" = e(x “ y'4>)(\ + y'~ + s'*), 
s" * Kx - S'</>)(1 + y'~ + s' 2 ). 

The curve's satisfying these' eliUVrential e(|uatie)ns —they are not 
in general traje'ctcries we ele'fine as velocity cunm. For any fielel 
a curve* is a veloe-ity curve e'orre'spemeling te> the spee*el i> 0 , provieleel 
a partie-Ie starting from any lineal element of the curve with 
that spe'eel eh'se-rihes a trajectory eiseulating the curve. In a 
give'll lie-lel of force* there are' °o r> trajeeteiries and °o fl velocity 
curve's.’ 1 * If r is given we have oo l veleicity curves. In particular 


* The i>re>pe>rt.ie'K of a complete! Hyste-m e>f oo 6 vclocit.y curves are: analogous 
to, but. dislini't from, those of a complete* system e>f trajectories. Cf. p. 94. 
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if c (and hence v) in taken to be unity, our equations become 
precisely (7). 

Any system of oc 4 curves possessing property A, that is, any 
system (7), way he regarded as the totality of velocity curves cor¬ 
responding to unit velocity in some {unopiely defined) field of force. 

Only when the field is conservative do the velocity systems for 
each value of v (or c) become natural systems. The trajectories 
also are in this case made up of oo 1 natural families, one for each 
value of the energy constant h; but the 1 two sets of natural families 
are distinct. The determination of a velocity system m one 
conservative field is equivalent to the determination of a tra¬ 
jectory system in another eonservutive field, and viee versa. 
We find in fact the following explicit result: 

If two conservative ftelds leith work fnnetionH If* and satisfy 
the relation * 

2»*i 

lf \ — ae — h % 


then the oo 4 velocity nines for the speed in the first field coincide 
with the oc 4 trafeet or its for the constant of energy h in the second 
field, f 

§33. UKneuocwu Syhtkmh 

33. With any velocity system H 

(«) //"= :f f f x - ->>» I I tr 1 Z*) 

there is connected a definite point transformation T: for in virtue 
of property A to any point p corresponds a definite point l\ 
the osculating circles constructed at the first point all passing 
through the second point. The transformation T is explicitly 


( T) 


X * £ + 


-V 


T X 4 


* Wo note that if W\ m left unaltered ami r« varied* takes quite dint met 
forms. The oo 1 velocity systems in it given field do not roust it ute the com¬ 
plete system of oc* trajectories in any field whatever. 

t It is seen that the two fields have the name cqnq*otentml ^urfaees and 
therefore the same lines of force. (Central fieldfi therefore rnrreiqMmd to 
central fields.) 
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It ivS thus entirely general. To an arbitrary transformation* 
corresponds a definite velocity system. In particular, to the 
inverse transformation T~ l there corresponds a certain system 
S', which wo define as reciprocal to S. 

Hence to a general] velocity system S, that is, any system possessing 
property A, there corresponds a definite reciprocal velocity system 
S'. The osculating circles of those curves of system S which pass 
through any point p are at the corresponding point P the osculating 
circles of the curves of the system S' passing through P. 

Consider the bundle of circles determined by two corresponding 
points p and J\ We know that three of these circles have 
hypercontact with ^-curves at p, and three have hypercontact 
with fl'-curves at P . It is not obvious that the circles so ob¬ 
tained really coincide. Omitting the rather long proof, we 
merely state the result. 

Reciprocal velocity systems have the same hyper osculating circles: 
the three circles hyperosculating curves of the given system S at 
any point p also hyperoseulate curves of the reciprocal system S' 
at the corresponding point P. 

It follows at once that if S possesses property B (that is 
mutually orthogonal hyperosculating circles) the same will be 
true of S'. This means that whenever system S is natural so is S'. 

The reciprocal of a natural family is always a natural family. 

We may restate this in optical terms as follows: With any 
isotropic medium, defined by its index of refraction v(x, ?/, z), 
there is connected a certain red}>rocal medium with an index of 
refraction ?(.r, //, z): the rays of light in this second medium, 
namely, the extremals of 

J ?(.r, ?/, z)ds = minimum, 

form the system reciprocal to that formed by the rays of light 

* It may even degenerate hut must not be merely the identical trans¬ 
formation. We however exclude systems with degenerate T 1 a from the rest 
of the discussion: we assume that the jaeobian does not vanish, so that the 
inverse transformation exists. 

t See preceding footnote. 
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in the given medium, namely, the extremals of 
fp(<t\ //, z)(h ~ minimum. 

The actual calculation of v from v requires only operations that 
are performahk in the Lie sense, namely, eliminations and dif¬ 
ferentiations. See Trmmwtionx of the American Mathematical 
Society, volume 10 (1900), page 2 Li 

§154. (hi Alt ACT Kit OK THE ThANSKoUM \TIoN T 

34. The transformation T (from point p to point P) associated 
with the most general system possessing property A is, as we have 
seen, entirely arbitrary. The cptestiun arises what is the pecu¬ 
liarity of T if the given system is of tin* natural type. The 
answer to this will furnish an equivalent of property 11, and 
will thus make it possible to eharacteme natural families with¬ 
out introducing hyperoseulating circles. 

The problem is to describe geometrically the class of trans¬ 
formations of the form 


X=.r+ 


2 * o L u 

L/+ij+u' 1 " rt u i ij i i.y 

»>/ 

*f s srs ** 

1 -i- ! /.;■ 


depending on one arbitrary fnnetion L of ,r, //. in-stead of three 
independent functions required in a general point transformation. 

X ~ y, z), Y — 'H.r, //, s), 7, X(.r, ;/, ;). 


For a general (analytic) point transformation the bundle of 
lineal elements at any point is converted linearly into the bundle 
at the corresponding point. Art' there any elements which go 
over into parallel elements? It is well known that there are 
three. If in particular these three elements art* mutually per¬ 
pendicular (for every point of space), wt* obtain a certain category 
of transformations which may be termed Dnrboux* transforma- 
* See Proceeding s of the London Mathematical Society, HHK). 
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tions or deformations. They are analytically of the form 

aw *, y-u z=u 

involving one arbitrary function. Obviously this is not the class 
we desire. 

We next ask whether in the general transformation there are 
any elements at a given point p each of which is turned into a 
eoeirenlar element at the corresponding point P. This is, in a 
way, a case correlative to the Darboux case: for whether two 
elements in space an' parallel or cocircular they have in common 
the properties that they are eoplanar and equally inclined to the 
line pP joining their points. It is found that there are always 
three such elements at any point. If we require these to be 
mutually orthogonal, we obtain precisely the transformations 
connected with natural families. 

A system of oo 4 space curves possessing property A will form a 
natural fa urily when and only when the associated transformation T 
(from point p to jmint P) has the following property: the three lineal 
elements at p each of which is converted into a cocircular element 
at P are mutually orthogonal. 

We have thus obtained an equivalent for property B. It 
may be shown synthetically that the three directions just de¬ 
scribed (coeircular elements)*always coincide with the directions 
of the hyperosculating circle's. The orthogonality of the one 
triple amounts to the' same thing as the orthogonality of the 
oilier. 

It may be remarked that the class of transformations connected 
with all natural systems do not form a group. It is obvious how¬ 
ever that the inverse of any member of the ('lass is contained in 
that (*lass. This is the essence of the law of reciprocity for natural 
systems , preciously obtained by a different method. 

§§ .44. The Converse of Thomson and Tait’s Theorem 

35. It is well known that if straight lines are drawn orthogonal 
to any given surface they will necessarily be orthogonal to an 
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infinitude of surfaces (namely the surfaces parallel to the given 
surface). Thomson and Tait in their Natural Philosophy showed 
that this property of the oo 4 straight lines of space holds for the 
oo 4 trajectories described in any conservative field with the same 
total energy, that is, for any natural family. The writer lias 
proved that no other families of curves have tin* property: it is 
entirely characteristic of the natural type.* We first state* the 
original theorem in connection with tin* general theory of the 
calculus of variations, and then take up flu* converse theorem. 
Later a second converse question is discussed. 

d5'. Thomson and Tail's Theorem. We have seen that a 
natural family of curves in space nmv he regarded as tin* totality 
of extremals of a variation problem of the particular form 

(1) J : //'V. »/. sW*, 

where F is a point function, ds is the element of length 
ds = + dir + dr > ^ 1 | i/’ ( z! 1 dj\ 

and the integral is taken between fixed end points. 

It is easily shown that for integrals of this form,) and for no 
others, the relation of trumeemtUhr in the sense of tin* calculus 
of variations, amounts merely to ortlunjonnUhi. 'Phis suffices 
to distinguish our type among variation problems of the general 
form 

(2) //(• r, //. 2, >/ z'Ulx. 

But of course it docs not serve us u complete geometric test for 
a natural family. What is the geometric character of tlie systems 
of oo 4 extremals connected with any variation i>rohlem<2)? 
This is an unsolved question in the calculus of variations.^ 

* At least in the cane of space of three dimensions. (‘f. Trims, .1 >mr. 
Math. Soc., vol. 11 (U)10), pp. 121-140. 

t Cf. Dolssa, VariationsrpehnanR, p. Bill; also p. 140 for the two-dimensional 
problem due to Hedrick. 

t Soo the author’s paper, "Hystems of extremals in the ealrtilu* of variations." 
BuU. Amer. Math. Sac., vol. IS (ltK)H), pp. 2M> 2512. 
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We are concerned here only with the integrals of special form J, 
defining natural families. Applying Kneser’s fundamental 
theorem on transversals,* wc have this well-known result: If from 
the points of any surface S we construct the extremals orthogonal 
to the surface, and on each lay olf an arc so that the integral J 
takes some constant value, then the locus of the end points is a 
surface which is also orthogonal to the extremals. 

30. This is known as the theorem of Thomson and Tail. It 
was obtained by them in connection with the dynamics of a 
particle moving in a conservative field—the first interpretation 
of a natural family considered in § 2<S. Here F(x, y, z) represents 
the speed v, as determined by the energy cquatidn 

w = 2(ir + h), 

where W denotes the work function (negative potential), and 
the mass is assumed to be unity. Of course h has a fixed value. 
We quote the original statement of the theorem: 

“ If from all points of an arbitrary surface particles not mu¬ 
tually influencing one another be projected normally with the 
proper velocities [so as to make the sum of the kinetic and potential 
energies have a given value]; particles which they reach with 
equal actions lie on a surface cutting the paths at right angles.” 

The integral ./, in this cast*, represents the action 

f.th = / n/2(H’+ h)ds. 

The oo 1 surfaces cutting the curves orthogonally thus appear as 
surfaces of equal action. 

The corresponding statement for brachistochrones is sometimes 
called the theorem of Bertrand :f From the points of any surface 
draw the brachistochrones normal to the surface and on each lay 
off lengths so that the time of transit is equal to a given quantity; 
then the locus of the end points will be another surface orthogonal 

* Holm, pp, 131 and 091. 

t Cf. Koulh, Dynamics of a Particle (1K9K), p. 370. According to Appell, 
Mtfoanique rntionelle, vol. 1 (1909), p. 400, this result was indicated by Euler. 

12 
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to the brachistochrones. Here the integral J represents the time 



ds 


vnfir 


In' 


so that the orthogonal surface's appear as surfaces of equal time. 

Corresponding statements may he made, of course, for the other 
interpretations leading to natural families. 'Flu* most concrete 
aspect is obtained by using the language of optics. Here the 
integrand function is simply the index of refraction i/(j% //, s), 
varying from point to point in any (isotropic) medium, and the 
integral Jvds is proportional to tin* time. The paths of light in 
such a medium form a (single) natural family, and every natural 
family may be obtained in this way. The f « ;? rays (in general 
curved) starting out normally from an>s nrface admit oo l 
orthogonal surfaces. These present themselves as surfaces of 
equal time. We shall describe them as a set of wave frunts or 
wave surfaces. 

37. The geometric part of the theorem of Thomson and Tail 
may he stated as follows ; In any natural family of 4 spare eurres , 
the oo 2 curves which meet any surface orthogonally nlicays form a 
normal congruence. 

Is this geometric property, which we shall rider to as the 
Thomson-Tail property , characteristic? This in in fact the case. 
We shall prove, namely, the following 

Converse Theorem, If a tpmdruply infinite system of curves in 
space is such that c© 2 of the curves meet an arbitrarily given surface 
orthogonally* and always form a normal congruence f that is f admit 
an infinitude of orthogonal surfaces), then the system is of the natural 
type, that is f it may be identified with the extremal system belonging 
to an integral of the form fr (a*, //» z)ds. 

38. The result is simple but tin* proof is rather long. We give 
the essential steps. 

Consider an arbitrary quadruply infinite system of curves in 

*This means the same as requiring that one rurve of the system pusses 

through each point of space in each direction. 
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space, assuming that one passes through each point in each 
direction. Such a system may be defined by a pair of differential 
equations of the second order 

(1) ?/" = F(x, ?/, z, ?/, z'), z" = G(x, y , z 9 y f \ z f ), 

where F and G are uniform functions which we assume to be 
analytic in the five arguments. Denoting the initial values of 
x 9 y } z, //', z', which may be taken at random, by x, y, z, p, q 
respectively, and employing A r , Y, Z as current coordinates, 
we may write the solutions of (1) in the form 

Y = y + p(X - x) + iF(X - a :) 2 + \M(X - xf + • • 

(2) Z= z + q(X - .r) + i G{X - .r) 2 + lN(X - x)* + • - •. 

Here F and G are expressed as functions of .r, ?/, z, p, q ; and M 
and N, found by differentiating (1), are given by 

M a F x + pFy + qF z + FF V + GF qi 

(2) N = G x + V G y + q(h + FG V + GG q . 

The terms of higher order will not be needed in our discussion. 
Equations (2) involve five arbitrary parameters but of course 
represent only oo 4 curves. 

Consider now an arbitrary surface 2 

(4) s = /Or, y). 

At each point of this surface and normal to it a definite curve 
of the given family (l) may be constructed. A certain congruence 
will thus be determined. We wish to express the condition 
that this shall be of the normal type, that is, that the oo 2 curves 
shall admit a family of orthogonal surfaces. 

The direction normal to the surface 2 at any point is given by 

1 : p : q — f* :f v : — 1 > 

so that 

(5) v = i/)> n = y)> 

where 

(50 /^/,//*, l/U 
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These functions are connected hy the relation 

( 5 ") !’<}*-QI'* ~Q, ()• 

The equations of the curves corresponding to the given 
initial conditions may now he written 

X = x + (, 

(0) }' = y + Ft + lFt" + IMF -1 •••, 

Z = J+Qt + Ult" + ' S'P 4- 

where l takes the place of .V — x in (2), and where the bars 
indicate that the substitution (1), (f>) has been carried out, so 
that, for example, 

(7) F{x, y) - F(x, //, /, /’, Q). 

The coefficients of the powers of t in (ti) are thus functions of the 
.two parameters a*, y. 

The general condition for a normal congruence given in para¬ 
metric form is* 

(8) (FAT) - (Z'ZX) + Y'(Z'YZ) - Y.\ Y'VZ) 0, 

where the parentheses denote jaeobians taken with respect to f, 
x, y, and 1'', ZJ denote the derivatives of }', respectively 
with respect to t. 

Expanding (8) in powers of t in the form 

(9) sio -}• iy + ty ” 4 

we find that vanishes in eonse<|uence of (">"). This is as 
it should be, since our oo s curves are orthogonal to 2 by con¬ 
struction. 

The terms containing the first power of t give 

(1 + I*+(m > (l-QF,-U„) 

__ +m(i»+<rm- /Ur)+-w w/» i Q ; >r,\ o. 

*Wo may also use the convenient form due to Beltrami. Cf. Bianehi- 
Lukat, Different ialgeometrie, p. Hit). 
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From (6 7 ) we find 

F x = F x + F z f x + F p P x + FgQ x , 

with corresponding results for G x and G v . Substituting these 
values, and observing from (5) and (50 that 

/» = — VQ, fy= ~ P/Q, Qy = PQ X - QPx, 

we may reduce (10) to 

m PQP*+Q 2 Q.*}+2G{ pp„- (i»+Q*)P a } -CL+F+Q*) 
(100 X { QF X —F,— PG x +G y +(QF p -QG q -PG P )P x 

+ G p P v +QF t Q x } = 0. 

This is then a necessary condition in order that the oo 2 curves 
belonging to the quadruply infinite system (1) and orthogonal 
to the surface (4) shall form a normal congruence. The result 
‘is to hold in virtue of (4) and (5). 

It is of course not a sufficient condition. It merely expresses 
the fact that the curves orthogonal to 2 are also orthogonal to 
some consecutive surface, that is, that the congruence is approxi¬ 
mately normal to the first degree. 

Our main problem is to find all systems (1) which have the 
orthogonality property with respect to every base surface 2. 
It is then necessary that (10') should be true for an arbitrary 
function /(.r, y). The function can be so selected that for any 
chosen values of x and y the quantities f, P, Q, P x , P v , Qx, 
shall take arbitrary numerical values; for the only relation to 
be fulfilled is (5") and this merely determines Q y . The con¬ 
dition (1()') must therefore hold identically. Arranging it in the 
form 

(10") (1 + P* + (?)(\ + QCiQx + C 2 P y - C 3 P X = 0, 

and equating coefficients to zero, we find 

Co = qF x - F M - pG x + a, = 0, 

(\ = (1 + j>* + q^Fq — 2qF = 0, 

(11) (\ =n (1 + + (f)G P - 2 pG = 0, 

Ci *s (1 4- J> a + <?) {qOq 4- pQp — qFp } 

+ 2 pqF ~ 2 {f +q*)G= 0. 
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Integration of the second and third of these 1 partial differential 
equations gives 

F — fi(p, ,r, y, s)(l + p~ + <f), (’ ,7i(7- A !l< ~)(1 4~ P" + <f), 

where/! and g\ denote unknown functions of the four arguments 
indicated. Substituting these values in the fourth equation, 
we find/ip = g u ,, and therefore 

/t = 0 - l*t>, (h ^ X “ 70- 

where <j>, 0, x are functions of .r, y, z only. 'Hu- general solution 
of the last three equations of the set (11) is therefore 

(12) F= (0-?*A)(l+/r+7 s ). (X”70H 1 + ;/'+(/)• 

We have still to satisfy the first equation of (11), which now 
reduces to 

(13) 0« — Xv + Pix* — <t>>) + 7(01/ — 0-r) ~ <>■ 

The functions <j>, 0, x must therefore satisfy tin* equations 

(130 0, ~ Xv = <>- Xr ~ 0* ” <>. 0» ~ 0, - 0, 

and hence are expressible us the derivatives of a single function 
in the form 

(13'0 0 **= I. x , 0 L„, x L,. 

The solutions of the set (11) are therefore 

F - (//„ - pL,)(l 4 - /r ~f" 7 s ). 

V14) 

0 ■* (//, — pLx)( 1 4 - p 3 4 - if), 

involving an arbitrary function L of x, y, z. The resulting system 
(1) is thus recognized to he a natural family. This gives our 
fundamental converse theorem. 

39. In the above discussion use has been made, not of the 
complete condition for a normal congruence, but only of con¬ 
dition (10') derived from the terms of the first order in l. We 
may therefore state a stronger converse result as follows: 
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The, only systems of oo 4 curves which have the 'property that 
the curves orthogonal to any surface are always orthogonal to some 
infinitesimally adjacent surface are those of the natural type. 

If a congruence of curves meets two neighboring surfaces 
orthogonally it need not meet oo 1 surfaces orthogonally, and 
therefore it approximates to, but need not coincide with, a normal 
congruence. The above theorem shows however that if the 
weak requirement of approximate normal character be imposed 
on all the congruences obtained from the given quadruply infinite 
system, they will all be exactly normal. 

40. We may further strengthen our theorem by demanding the 
orthogonality property for some instead of all surfaces. Our 
fundamental equations (11) resulted from the fact that ar, y, z, 
/, P, Q, Pjr, P,„ Q x might receive arbitrary numerical values. 
It will therefore be sufficient to take a manifold of surfaces 
sufficiently large to leave these quantities, or the equivalent 
quantities 

(15) -r, if, Zy, Zxxi %yyy 

unrestricted. Since these quantities define a differential surface 
element of the second order, we may state the result as follows: 

The converse theorem remains valid if, instead of considering 
all base surfaces, we employ a manifold of surfaces sufficiently 
large to include all the oo 8 possible differential elements of the 
second order. 

41. The Thomson-Tait theorem holds of course even when the 
base 21 shrinks to a curve or a point: there will still be a normal 
congruence orthogonal to the curve or point (in the latter case 
orthogonality means simply passage through the point). We 
state a number of results obtained in this connection. 

If for an arbitrary curve as base the corresponding oo 2 orthog¬ 
onal curves of a given quadruply infinite system always form 
a normal congruence, the given system is necessarily natural. 

If we require each of the congruences here considered to be 
of approximately normal character, a more general type of system 
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is obtained, namely the velocity type of § 32. Tito velocity type 
is thus characterized by the fact that those curves of the system 
which meet an arbitrary curve orthogonally are orthogonal to 
some infinitesimally adjacent (of course tubular) surface. We 
may even restrict ourselves to the case where the bast* is a curve 
of the given system, or the case where it is any straight lint*. 

42. Suppose next that the base is an arbitrary point. Are 
natural families the only families of oo 3 curves such that the oo 2 
curves passing through any point form a normal congruence? 
A discussion shows that this is not the cast*. There exist families 
not of the natural type, for example, that defined by the dif¬ 
ferential equations 

//" « /, s" - <>, 

with the restricted property stated. To find all such systems 
would be a rather difficult, hut certainly an interesting, under¬ 
taking, The result would of course include the natural type as 
a special ease. 

43. It will not however lx* the velocity type. It may be 
shown in fact that the only velocity systems for which the curves 
passing through an arbitrary point constitute always a normal 
congruence are those of the natural type. Recalling the fact 
that the velocity type is characterized by property J, we may 
give a new characterization of the natural type us follows: 

Natural families are the only quadruply infinite systems of curves 
in space such that the oo 2 curves through an arbitrary point admit 
an infinitude of orthogonal surfaces, and such that the osculating 
circles constructed at the common point form a bundle , 

44. It may also be shown that if for every point and every 
straight line as base the corresponding congruence is normal, 
the system will be natural. To have* a velocity system it is 
sufficient to demand that the congruence corresponding to an 
arbitrary straight line shall be approximately normal. To have 
a natural system it is sufficient to demand approximate normality 
for the congruences corresponding to arbitrary straight lines and 
plane*. 
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§§45-53. Wave Propagation in an Isotropic Medium: 
Properties of Wave Sets 

45. The optical interpretation of a natural family and the 
Thomson-Tait property suggest certain sets of surfaces which 
we shall now study. 

Consider a given medium defined by its index of refraction 
v(.r, i/, z) given as a function of position. The rays (in general 
curved lines) arc the oo 4 extremals of 

(1) / v(x, y, z)ds — minimum; 

they form the natural family, whose differential equations are 

?/" = U'u — ?//-<*) (l + y' 2 + z' 2 ), 

z" = (L, — z'L x )( 1 + ?/ 2 + z' 2 ), 

where 

(2') 7, e log v. 

The oo" rays orthogonal to any selected surface 2 form a 
normal congruence, that is, are orthogonal to a set of <» l surfaces. 
A disturbance originating in the medium on the surface 2 will 
be propagated in the medium through this set of surfaces, which 
we term a srt of inter fronts. In the given medium an arbitrary 
surface belongs to one and only one of these wave sets. A single 
surface is thus of arbitrary character, but the sets of surfaces 

(3) /(.r, (/, 2 ) = constant 

that may be wave sets are restricted by the Ilamilton-Jacobi 
equation 

(4) f*+fv +/« 2 = v 1 . 

The given medium defines also a certain set of level surfaces 
p(x, y, z) = constant. 

This, it should he noticed, is not usually a wave set—the only ex¬ 
ception arising when the level surfaces are parallel. For a given 
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medium the number of wave sets is oo 30 , since there is one for 
each surface. Each of these sets is cut by the level surfaces in 
the equidistant curves of the wave set; that is, along any one of 
these curves the distance between consecutive wave surfaces 
remains the same.* 

40. A single set of wave fronts has no geometric peculiarity. 
That is, given any set of surfaces /(.r f //, z) = constant, it will 
always be possible to find a medium in which that set will serve 
as a wave set. In fact there are go" such media. For in 
equation (4), the given function /, without altering the given 
surfaces, may be replaced by an arbitrary function il{f) of itself, 
and this gives oo* distinct values for a. 

When will two sets of wave fronts be consistent? Two arbi¬ 
trary sets of surfaces / = constant, f\ — constant cannot usually 
be regarded as wave sets in any single medium. The requisite 
condition is 

ff+ff+ff iUf) 

/u*+/w,*+/u a ~ UdfiV 

where A, Qi may be any functions. An equivalent, condition 
is that it must he possible to (‘hose parameters for the two sets 
in such a way that 

df m dh 

dn ** dni 

where dn and dn i denote the normal distance between consecutive 

surfaces. 

47. But a clearer answer may be given in terms of the geometric 
properties A and li. If a set of surfaces is to be a wave set, the 
oo 2 orthogonal curves must be members of the natural family of 
oo 4 rays. If two sets of wave fronts are given, we have then two 
congruences of curves. The question then is, when can two 
normal congruences of curves he regarded as belonging to a 
natural family? 

* This follows immediately from (4). It k to be remarked, however, that 
this property is not characteristic of wave sets. 
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Take any point p in space, and consider the two curves, one 
from each of the congruences, passing through it. The circles 
of curvature at p must intersect again at some point P (by 
property A). This condition makes sure that the two congru¬ 
ences belong to some velocity system. If now this is to be a 
natural system, we must also add property B or rather, since 
no hyperoseulating circles are directly defined, the equivalent 
restriction (see page 47) relating to-the transformation from p to 
P. The final answer may then be given as follows: 

Two sets of icavc surfaces belong to the same optical medium when 
and only when they satisfy the following geometric conditions: 

(A') At any point p of space the circles of curvature of the orthog¬ 
onal trajectories of the two sets of surfaceSy passing through that 
pointy intersect again at some point P. 

(IP) The point transformation from p to P has the property that 
the three lineal elements of p each of which corresponds to a cocircular 
dement at P are mutually orthogonal. 

48. Two sets of surfaces taken at random will not belong, as 
wave sets, to any medium. On the other hand, as we have said, 
one set belongs to oo 00 distinct media. The question then arises, 
just what will uniquely determine a medium. 

A natural family is uniquely determined if we are given one set 
of wave fronts and a single extra trajectory . This means a tra¬ 
jectory not belonging to the congruence defined as the orthogonal 
trajectories of the wave set. 

49. The extra curve however cannot be taken at random; it 
must be related in a certain way to the wave set. If the wave 
set is f(Xy i/y z) = constant, then the condition on the curve is 
that it satisfy the Monge equation of second order 

'2Ay” - <1 + / + /"HA, - //'A,) f y - y% ^ ^ 

(<i) 2As" - (1 + + s'*) (A, - s'A,) /, - z'f x 

a ®/;-+a 2 +/; j . 


where 

on 
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Here/, and hence A, are given, and //and sure unknown functions 
of .r. The interpretation is obvious from property A. 

In order that an extra curve shall be consistent with a given 
wave set (that is, in order that both shall belong to a single 
medium) it is necessary and sufficient that the curve shall cross 
the surfaces (of course obliquely) in such a way that at any point 
of intersection the circle of curvature of the extra curve shall 
intersect the circle of curvature of the curve orthogonal to the 
surfaces. When the curve satisfies this restriction, it defines 
with the given wave set a unique natural family. 

50. If we are merely given one wave* set, the number of possible 
media is oo w (since v involves arbitrary functions). Each of 
these has oo 4 rays (forming a natural family). The totality of 
media give rise to a totality of og^ rays, namely the solutions 
of the Monge equation of second order (d). This equation is of 
the type 

A if + Hz" + r - 0 

(where the coefficients are functions of j\ //, //', s'h which the 

author has shown to he characterized by the Mrunnier property :* 
Those curves which pass through a given point in a given direction 
have circles of curvature (constructed at the common point) 
generating a sphere. 

51. The inverse problem connected with natural families, 
namely, given the oo 4 trajectories to construct the generating field 
of force, is solved immediately in connection with property A. 
The force acting at any point p acts in the tine joining that point 
to the corresponding point P, and its intensity is proportional to 
the reciprocal of the distance between the two points.f This 
construction may be carried out if we know a sufficient number of 
trajectories, without knowing the whole system. 

52. The greatest number of rays which two distinct media 

* Kasner, Bull. Amer. Math . Soe. t vol. 14 llUOK), pp. MM 405. The 
result includes the extension of Meusnier’s theorem made by Lie, and is in 
fact the largest generalization possible, 

t The determination of the potential function //, z) or, what in equiv¬ 
alent, the index of refraction s(x, y t z) t requires a quadrature. 
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can have in common is oo 2 (one through each point of space). 
If two media have that many in common, it is easily shown that 
the resulting congruence is necessarily normal. Any normal 
congruence can be obtained in this way, for, as stated above, it 
belongs, not only to two, but to <x> K distinct media. 

f)d. We mention only one special problem: the determination of 
those media in which disturbances are propagated by Lame families 
of surfaces; that is, every wave set is to be of the Lame type (thus 
forming part of a triply orthogonal family of surfaces). The 
index of refraction is found to vary inversely as the ]>ower of the 
point with respect, to a fixed sphere; the rays then are the oo 4 
circles orthogonal to that sphere. Since the radius of the sphere 
may be zero, real, or imaginary, these media yield well known 
interpretations of parabolic, hyperbolic, and elliptic geometries. 
(See Tranxactioim of (hr American Mathematical Society, volume 
12 (11)11), pages 70-7-1.) 

§§ 5*1-61. A Second Convkksk Phobdem Connected with 
the Tiiomhon-Tait Tiieokem 

f)4. Consider the general conservative field, defined by its 
work function H’(.r,;/, z). With any motion of the particle there 
is associated a definite value of the constant of total energy 

.Jr 2 - If = h. 

If h is not assigned the complete system of trajectories is made up 
of oo 5 curves. 

Consider now an arbitrary surface, which we term the base 
surface, 

(2) s = f(-r, !/)■ 

From each of its points we may draw normal to the surface °o l 
trajectories since the initial value of the speed r is arbitrary. 
We thus have in all oo 5 trajectories normal to 11. In order to have 
a congruence we must assign the value of r at each point of D, 
that is, we must give a law of distribution of the initial speed. The 
question arises: What form of law will make the corresponding 
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congruence a normal congruence? Of course for any law the 
congruence will be orthogonal to the base surface, but usually 
it admits no other orthogonal surfaces. 

The Thomson-Tait theorem (in its complete dynamical form) 
gives one such law: it states that if the initial speed is selected so as 
to make h have the same value at all the points of 2 , the congru¬ 
ence will be normal It thus gives a plan for constructing oo 1 
normal congruences for a given base, one for each value of //. 
We shall refer to any one of these as ‘‘constructed according 
to the Thomson-Tait law.” 

Is this the only answer to our question? If oo*‘ trajectories 
are drawn orthogonal to 2 and if they form a normal congruence, 
does it follow that the distribution of values of the initial speed 
is precisely such that the sum of the kinetic and potential energies 
has the same value at all points of 1'? 

The requisite discussion is not simple. We shall merely state 
the results we have obtained. 

5.5. The answer to our question is “ in genera! ” in the affirma¬ 
tive. The first converse theorem, discussed in § .*17, is true 
without exception. The present is true with exceptions which 
may be definitely limited. 

For a “ general ” /me surface 2 in a given eonsereatiee field of 
force , the only congruences) formed by oo- trajectories orthoyonal to 
2 (one drawn at each point)) which admit an infinitude of orthogonal 
surfaces , are (hose constructed according to the Thomson-Tait law 
(so that the total energy has a constant mine), 

5(1 To make this precase we must of course limit the class of 
exceptional surfaces connected with a given field. These appear 
in the analytical discussion as the* solutions of a certain partial 
differential equation of the second order* 

w x +pll\ 1?,+ pH'J 

W x +q\\\ U\+qlVJr ih 

* The expanded result is of the form 

P\t Hb P+ Pat p Pi ,iW tl» 


w here r, s, t denote the derivatives of second order of z m J(jr, y). 
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where W is the given work function, and 

| y ^vW* + qW y -W, 

Vi + f +7.* 

This differential equation defines a class of surfaces which is 
seen to depend only on the equipotential surfaces 

IT(.r, ?/, z) — constant. 

The result may he put into geometric form and stated as follows: 

The only surfaces 2 which may he exceptional in the theorem of § 55 
(that h, which may <jire rice to normal congruences not included in 
the Thomson-Tail law) arc those with this property: along each of 
the equipotential lines * of the surface the component of the acting 
force normal to the surf (tee is constant. 

57. Observe 4 that it Is not stated that the surfaces described, 
which exist in any field, actually give rise to additional normal 
congruences. To understand the situation more precisely, it is 
necessary to observe that in the analytic discussion the condition 
for a normal congruence is developed in the form 

/121 tlih) • * * = 0 , 

where / is the parameter which varies along the curve, starting 
with the value 4 zero on the surface 4 and the coeflicients 12 are 
functions of the 4 twe> parameters defining the initial points on 22. 
By assumption the 4 congruence is orthogonal to 2, so the term fi 0 , 
independent of /, will not appear. For a normal congruence all 
the coefficients 12 must vanish. If emly a certain number vanish 
the congruence may be described as approximately normal (the 
approximation being of degree n if 12i = 122 *** = !2 n = 0): 
the curves are them orthogonal not only to 22 but also to one or 
more (infinitesimally) adjacent surfaces. 

58. If now we impose on the congruence of trajectories normal 
to 22 the condition ~ 0, we find that this may be fulfilled for 

* The* equipotential lines of any Hurfare are the' line's (‘lit, out by the 4 cqui- 
potential surfaces IF « const. 
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any surface: the restriction is merely on the law of initial speed 
and means that the total energy must he the same, not necessarily 
over the entire surface, but along each cquipotential Hue of the 
surface.* 

50. If we further impose the condition ih ~ 0, then for a 
u general surface ” the law of speed must be the Thomson-Tait 
law, but for an “ exceptional surface n the law is the more general 
one just stated. 

60. The discussion of the higher conditions 12a - 0, etc., we 
have not completed. It is therefore not known precisely in 
which cases normal congruences (in the exact sense) may arise. 
For central and parallel fields it may he shown that the exceptional 
surfaces! actually give rise to normal congruences (in addition 
to those included in the Thomson-Tait theory): for such fields 
the vanishing of the higher coefficients follows from the vanishing 
of the first two. 

61. The principal results of the converse problem may be 
formulated as follows: 

If oo 2 trajectories (of a eonsermthe field), meeting a surface 2 
orthogonally, are also orthogonal to an infinitesimally adjacent 
surface , then the total energy along each equipotential line of 2 
is constant . 

If oo 2 trajectories, selected from the comptefe system of m l \form a 
normal congruence, then in general they will all belong to the same 
natural family (that is, the total energy wilt be the same for all the 
curves ); except possibly when the oo 1 orthogonal surfaces^ are ex¬ 
ceptional in the sense defined in § 56 (the additional congruences 
then and only then are normal to at least the second degree of 
approximation ). 

Normal congruences not of the Thomson-Tait type (that is, not 

* If, in particular, the surface is one of the cquipotential surfaces, the dis¬ 
tribution of speed is thun entirely arbitrary. 

tin the ease of ordinary constant gravity the exceptional surfaces are 
those termed moulurv surfaces by Monge: they are generated by rolling the 
plane of any plane curve about a vertical cylinder of arbitrary cross section. 

t If one of these surfaces is exceptional, all will be. 
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selected from within a natural family) actually arise for central 
and parallel fields. 

§§ 62-67. Gromktkic Formulation of Some Curious Optical 

Properties 

62. In Thomson and Tait’s Natural Philosophy* the character¬ 
istic function of Hamilton is applied to the motion of a particle 
in a conservative field of force, and certain results are obtained 
which we shall try to restate as purely geometric properties of 
a natural family of trajectories. To what extent these properties 
are characteristic is not settled. We quote the principal 
passages referred to. 

“ Lot two stations, 0 and O', be chosen. Let a shot be fired 
with a stated velocity, L, from 0, in such a direction as to 
pass through O'. There may clearly be more than one nat¬ 
ural path by which this may be done; but, generally speaking, 
when one such path is chosen, no other, not considerably diverging 
from it, can la* found; and any infinitely small deviation in the 
line of fin* from 0, will cause the bullet to pass infinitely near to, 
but not through, O'. Now lot a circle, with infinitely small 
radius r, la* described round 0 as center, in a plane perpendicular 
to the line of fire from this point, and let all with infinitely nearly 
the same velocity, but fulfilling the condition that the sum of the 
potential and kinetic energies is the same as that of the shot from 0 
bullets la* fired from all points of this circle, all directed infinitely 
nearly parallel to the line of fire from 0, but each precisely so as 
to pass through O'. Let a target be held at an infinitely small 
distance, beyond O', in a plane perpendicular to the line of the 
shot reaching it from O. The bullets fired from the circum¬ 
ference of the circle round 0. will, after passing through O', 
.strike this target in the circumference of an exceedingly small 
ellipse, each with a velocity (corresponding of course to its 
position, under the law of energy) differing infinitely little 
from P, the common velocity with which they pass through O'. 
Let now a circle, equal to the former, be described round O’, 
* Fart 1 (Cambridge, HHKft, pp. 355 359. 

n 
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in the plane perpendicular to the central path through (V, and 
let bullets be fired from points in its circumference, each with 
the proper velocity, and in such a direction infinitely nearly 
parallel to the central path as to make it pass through 0. These 
bullets, if a target is held to receive them perpendicularly at a 
distance a = a f V;Y\ beyond O, will strike it along the circum¬ 
ference of an ellipse equal to the former and placed in a “ cor¬ 
responding " position; and the points struck by the individual 
bullets will correspond; according to the billowing law of “ cor¬ 
respondence Let P and P f be points of the first and second 
circles, and Q and Q' the points of the first and seeond targets 
which bullets from them strike; then if P' be in a plane containing 
the central path through O' and the position which Q would 
take if its ellipse were made eireular by a pure strain; Q and () f 
are similarly situated on tin* two ellipses.” 

63. The second passage is as follows: ” Tin* most obvious optical 
application of this remarkable result is, that in the use of any 
optical apparatus whatever, if the eye and the object be inter¬ 
changed without altering the position of the instrument, the mag¬ 
nifying power is unaltered.” . . . 11 Let the points 0 and O' be the 
optic centers of the eyes of two persons looking at one another 
through any set of lenses, prisms, or transparent media arranged 
in any way between them. If their pupils are of ecjual size in 
reality, they will be seen as similar ellipses of equal apparent 
dimensions by the two observers. Here the imagined particles 
of light, projected from the circumference of the pupil of either 
eye, are substituted for the projectiles from the circumference 
of either circle, and the retina of the other eye takes the place 
of the target receiving them, in the general kinetic statement."* 

*This fact and many other upplirathum are included in the following 
general proposition, u The rate of inereiwe of any one romjwmenf momentum, 
corresponding to any one of the coordinates, jw*r unit of increase of any other 
coordinate, is equal to the rate of increase of the component momentum cor¬ 
responding to the latter per unit increase or dimension of the former coordinate, 
according as the two coordinates chosen belong to one configuration of the 
system, or one of them belongs to the initial configuration and the other to 
the final.” 
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64. The statement in the first passage is not purely geometric; 
for it involves not only the curves described, but also the speeds 
V and V at the points 0 and O'. We therefore try to formulate 
the part of the theorem which is really geometric. 

We have a natural family made up of co 4 curves in space, 
one for each initial lineal element (point and direction) of space. 
Select any one of these curves c and any two points 0 and O' 
upon it. (’.onstreet the planes p and // normal to this curve at 
0 and O'. 

For each direction through 0, a curve of our family is deter¬ 
mined ; this strikes the plane p' at a definite point. We thus have 
a certain correspondence between the bundle of directions 
through 0 and the points of //. For directions infinitesimally 
close to the direction of <■ at 0, and for points close to O', this 
correspondence is linear; and by a proper selection of cartesian 
axes at 0 and O', we may write the correspondence in the canon¬ 
ical form 

$ = «,.r', i? = ft;/', 

where (x', i/') denote the coordinates of the point in the plane 
p', and the corresponding direction at 0 has direction cosines 
proportional t.o ($:■»?: 1). 

In an entirely analogous way, by considering the curves of 
the natural family which go through O', and the points of inter¬ 
section with the plane p, we obtain a second linear correspond¬ 
ence which may be reduced to the form 

£' = azx, t)' = foy, 

where (x, y) is the point in the plane p and (£' : V : 1) gives the 
corresponding direction at O'. 

If we were dealing with an arbitrary family of °o 4 curves, in¬ 
stead of a natural family, these linear correspondences would still 
exist; but the choice of axes in the second canonical form would 
be different from that required in the first, and the two constants 
appearing in the second form would be independent of those 
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appearing in the first. The peculiarity of the natural type may he 
stated in the folio icing farm: First, the canonical axes far the two 
correspondences coincide: second , the ratio of the characteristic 
constants has the same value for hath correspondences. 

This is the essential geometric eimtent of the long statement 
quoted above from Thomson and Tail. Is this rlmrarteristie 
of the natural type? We do not know. 

(IT. A statement in more concrete terms is of interest. If we 
start out from 0 in directions equally inclined (the fixed angle 
is of course assumed infinitesimal) to tin* direction of r, 
that is, along a cone of revolution having for axis the tangent 
of e f the resulting trajectories forming a sort of cumilineur cone, 
we strike points on p' loeated on an ellipse with O’ as center. 
By changing the angle of the tame we obtain a family of similar 
and similarly situated ellipses. The principal axes of these 
ellipses are the eunouienl direction** referred to above for the first 
correspondence, and the ratio of tin* diameters is equal to the 
ratio of the canonical constants \n t ; i. B\ starting from the 
other point O' along cones of re\olutu»n ha\ing for avis the tan¬ 
gent to r, we strike* the plane p in a .second set of homothetie 
ellipses, 7 he two sets oj ellipses thus obtained, one hi the plane p, 
and the other hi the plane //, are simitar. This is part of the 
property stated, hut not the whole. It should be observed that 
it has no meaning to say that the two sets are similarly situated, 
since they are in different planes. 

(15, We may, however, obtain two sets in the same plane as 
follows: If we start along the cone of reflation from If we hit // 
in an ellipse. If we wish to lot p in a circle, we must start at O' 
along a certain elliptical cone: the sections of this cone b\ planes 
parallel to p\ projected orthogonally on //, given set of homothetie 
ellipses. We thus have in the plane //» two sets of ellipses, the 
first set being obtained from cones of revolution at if and the 
second set being obtained from elliptical cones at 0* by orthogonal 
projection of parallel sections. If we were dealing with an arbi¬ 
trary family of curves, the two sets thus obtained would la* un¬ 
related: for a natural family, houreer , the two sets adneide. 
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66. Of course we could also construct two sets in the plane p 

and these would coincide; but this would not give an additional 
property. In the statement quoted, certain pairs of congruent 
instead of merely similar ellipses appear, but that is due to the 
introduction of kinematics: namely, use is made of the velocities 
V and V' at the points 0 and O'. “ If 0 and 0' are regarded as 

optic centers of the eyes of two persons looking at one another 
through any optical apparatus, and if their pupils are of equal 
size in reality, they will be seen as similar ellipses of equal 
apparent dimensions by the two observers. 7 ’ It should be ob¬ 
served, however, that the dimensions will be equal only under 
the assumption that the two eyes are at positions for which the 
velocities K and P, or, what is equivalent, the indices of re¬ 
fraction v and /, are equal. In the most general case of an 
isotropic medium, the ellipses will not have equal apparent di¬ 
mensions, but the ratio of the dimensions will be equal to the 
ratio of the two velocities. 

67. Two converse questions remain unanswered. First: Find 
all systems of <x> 4 curves in space such that circles about 0 and 
O' appear as similar ellipses. 

Second: Kind all systems such that the set of ellipses in the 
plane // formed by starting from 0 along cones of revolution, 
and the set of ellipses found by orthogonal projection upon // 
of the sections out out by planes parallel to //of those (elliptical 
curvilinear) cones at O' which strike plane p in circles, —such that 
these two sets of ellipses shall coincide. 

§§ 68 72. The So-called Chnehal Problem of Dynamics 

68. Consider any material system (particles or rigid bodies) 
with n degrees of freedom, so that its position at each instant is 
determined by n independent coordinates denoted by .ri, 

x n . The kinetic* energy T will be represented by a quadratic form 

2 T ~ 

where the coefficients a are functions of the coordinates, and 
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the (lots denote time derivatives. If the acting forces are con¬ 
servative, there will exist a force function HVo ,r 2 » 
which is assumed to he independent of the times and the equation 
of energy 

r- ir - b 

asserts that in any given motion tin* sum of the kinetic* and 
potential energies is constant. 

The so-called general problem of dynamics requires the 
determination of the motions when we are given the* form 1\ 
the function and the constant h, Tin* possible trajectories 
are then given by the Jacobi principle of least action as the 
extremals of the integral 

/ Vjr-f h . 

This defines the mmt general natural famihj. The integral is of the 
form ffdtH, where F is any point function and ds is the length- 
element in a general ^-dimensional variety V n defined by 

dr LV/^r/jy/.a. 

69. Such a family consists of «o” tw 11 curves, in the* space r„» 
one passing through each point in each direction. A complete 
characterization is given by J. Lipke, in his doctor's dissertation,* 
as follows: 

(Ax) The locus of the centers of geodesic ettnat tire of the '» H " 1 
curves passing through any point of V n is a flat space of n — l 
dimensions 

(At) The osculating geodesic* surfaces (two-dimensional 
varieties) at the given point form a bundle* of surfaces, all con¬ 
taining a fixed direction (and hence the geodesic line in that 
direction) which is normal to the S H .of proper!y At. 

(B ) The n directions at any point, in which, as a consequence 
of the preceding properties, the osculating geodesic circles (circles 

* Tram. Amer. Math. vol 13 (11112), ftp, 77 W5, 
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of constant geodesic curvature) hyperosculate the curves of the 
given family, are mutually orthogonal. 

70. This gives the generalization of properties A and B stated 
in § § 29-21. The simpler results there given for ordinary space 
apply to a euclidean space of any dimensionality and also to 
spaces of constant curvature. In the general space of variable 
curvature, the geodesic; circles constructed at a given point do 
not all meet at a second point, and so no analogue of the law of 
reciprocity of natural families presents itself. 

71. The theorem of Thomson and Tait remains valid for any 
space.* The converse questions connected with it have not been 
settled. In all probability the Thoinson-Tait geometric property 
is elmracteristic in any space (flat or curved) of dimensionality 
greater than two. Obviously in the case of two dimensions the 
geometric converse is not valid, since any system of go 1 curves 
admits oo 1 orthogonal curves. 

72. The systems characterized by property A (meaning A\ 
together with .h) arc the most general velocity systems in V n . 
The case n — 2 presents a peculiar feature: for then, included in 
the velocity type, we have, in addition to the natural type, another 
special type of interest (geometric, rather than dynamic), namely 
the isogonal typef (systems formed by the «> 2 isogonal trajectories 
of an arbitrary simply infinite system of curves). In the case 
of the plant 1 (or any surface of constant curvature) the reciprocity 
construction fur velocity systems is available, and each of the 
species, * natural and isogonal, is self-reciprocal. The only 
families common to the two species are those formed by the 
isogonals of an isothermal system, or, what is the same, by velocity 
systems generated by Laplacian fields of force.* 

* Of. Darlmtix, la-yons, vol. last chapter, where references to the memoirs 
of Lijwrhit* and Hell rami are given. 

t Scheffers introduced the systems of plane curves ;/" = W - y'v) 
(1 +■ j/*) in connection with the theory of isogonals, and obtained a law of 
reciprocity for isogonal systems. I'f. l.rijiziyir Hcrichlc, 1KD8, 1900; Mathe- 
miltixcho Aniuitrn, vol. 110. 

$ Of, the author’s note, “ Isothermal systems in dynamics,” Hull. Arner. 
Math. Hoc., vol. 14 UUOHt, pp. ltm-172. 
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We note finally this ehuraeteristie tli^tinc^ticm between the two 

noteworthy species; 

For hoth natural and isogonal families in the plane, the circles 
of curvature constructed at any point p hn\e another point P 
in common. The point transformation T (from p to Zb in the 
natural case is such that tin* two lineal elements at any point, 
each of which is converted into a eoeireulur element„ are orthog¬ 
onal; while in the isogonal ease tin* tw o elements* eneh of which 
is converted into an element normal to a roeimilar element, are 
orthogonal. 

If the transformation T connected with a velorit\ system is 
required to he (dirret) eonformn], the corresponding field must 
he Laplaeiun. Such fields are distinguished from nil others by 
the fact that eneh of the infinitude of >\ stems of velocity curves 
is then expressible linearly in the two parameters in\olved. 



CHAPTER III 

TRANSFORMATION THEORIES IN DYNAMICS 
§§73 SI. PuojI'Ttivk Transformations 

73. The general object of a transformation theory is to relate 
new problems to old problems, and so to proceed from the solution 
of the latter to the solution of the former. The most important 
geometric* transformations are* the projeetive and the conformal. 
Both groups play important roles in dynamics, the former in 
connection with general fields, and the latter in connection with 
conservative fields. 

7*1. The importance* of projective transformations in dynamics 
was brought out by Appell in lSS9. Given any positional 
field of force* in the* plane, the* corresponding equations of motion 
are of tin* form 

d\r x (Ptf 

(1) dr . fU ,. ^ '/)- 

If all arbitrary point transformation, unaccompanied by any 
change in the time, is applied, the new differential equations 
will usually involve not only ,r and but also the velocity com¬ 
ponents </.!•<//, </;/<//, In fart the only exception is where the 
point transformation is merely affine: 

.r, u.r 1 In/ 1 r, /q - it'.r + b‘y + r'. 

Appell showed that if a general eollineation 

i;.r 1 hi/ 1 e "'.r + />'</ + e' 

(3) -O (g ^ r j tf'y } u"jc + b"y+ c" 

is accompanied by a change of tin* time of the form 

tlf 

,ltx kUi".r \ h",J h (•")*’ 

7:t 


(2') 
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the new differential equation* will he uf the original form 

tPjr i tpijx 

(«H) ^ t$\h <U X - 

and therefore define motion in some new positional field of force. 
The relation between the new field and the original field in 
explicitly as follows 

?i * F(n # V + IA/ 4 Afjru^ • ■ w* f IIV - Ay |, 

(4) 

f% ^ F|ifV 4” h”}l I r"f J ■ ('iri #v* * ■■ h A\p\, 

where the eiipitiil letters denote itttitoH in flit* determinant 
IfifcVi of (2). 

74 # , Ttie trajectories of thcorig'tml field nrr eouverted by the 
eollineation into the trajectories of the new fiehi. Also the 
directions of forces of the two fields are projeetively related. 
It must not he thought, however* that the foree vector acting 
at a given point (j% ij) in the first plane projected into the 
new foree vector acting at the point or t * i/ t I of the second plane: 
the initial points of the two vector* will correspond. of course, 
hy the given eollinetifiott* hut the terminid points uill not. The 
question therefore arises* irlnit i4 Ike tfntwrtrir re latum he tween 
the new mior field mul the nlil minr field f 
To answer this question we take our rertangulnr axes .ho that 
the eollineation takes its metrien! imriual form, (Affinities of 
course require u separate discussion,* The eanonicut formulas 
for our transformation are 


(5) 


?7 I( 

*r 


Ixii 

s 


•ri » ' |/i 

n « - 4 1 - iw) t 


together with 

(50 dh 

To each eollineation lietweeii the tw*o planes corresponds n deli- 
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nite vector transformation. The vectors are here of the third 
type (bound vectors) described in the Introduction, requiring 
four coordinates for their determination. The original vector is 
defined by the four numbers (.r, y, <p, fa, the first two defining 
the initial point, and the last two giving the components of the 
vector. The coordinates of the new vector are (;ri, y u <p u fa). 

The verier transformation induced by the given collineation is 
not projective. The new vector has the same initial point and 
the same direction as the projection of the old vector, but has a 
different length. The ratio X between the actual length of the 
new vector and the length of the projected vector is 

(5") X - Irr '(.r + fa. 

Noting that in the canonical form .r and ,r+ <p denote the distances 
from the initial and terminal points of the original vector to the 
vanishing line in the first plane, we may state this result. 

Any given (nan-affine*) cidlinvntion (2) induces a certain vector 
transformation (determined up to the factor A*) defined analytically 
by (2) and ( I), and geometrically ns follows: If PQ is any bound 
vector in the first pinne, and if the collineation converts the initial 
point P into l\ and the terminal point (j into Q l( then the trans¬ 
formed bound rector is not Pf}\, but I\Q\', where Q\ is the point 
on the line joining I'dfi such that the ratio X ■« PffiPffi equals 
A* 3 times the cube of the distance from P to the vanishing line times 
the distance from (j to that vanishing line. 

The transformation converts the bound vectors of the first 
plane, represented by the independent coordinates (x, //, <p, fa, 
into the *> ' bound vectors of the new plane.f In the dynamical 
application, yand^ are given as functions of x, y, that is, we have 
a field of '> vectors, one for each initial point: the result of 

* In tin* niMt* of tin fdlint* mlitiirnf ton, tin* intlnml vrr tor tnumformation 
is* tmrrpt fur ihr rimslfitfl f nr tor k, utrrrly Ihr rrrnilt of applying (hr affinity 
in both nnln of I hr vrrtor. It i* than littrnr. 

f Thr vrrtor trnitHfurumtiuiiM iiulttmt by invrrar collinrntitma nrr invrtur 
to trnrli othrr, 'Hu* ftmr*<iimruthtmnl traind'oriinitiotii art* thrrrforr Cremona 
triimforumimm. 
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the transformation is a new field, vn and \j/\ being expressible in 
terms of x Xl ?/i. The <xr l trajectories of tin* first field are con¬ 
verted by the eollineations into the ’« ;i trajectories of the new 
field; it is to be noticed however that, during any correspond¬ 
ing motions, positions which correspond according to the col- 
lineation will usually not correspond to the same instant of 
time; in fact from (2') 

,.. r ■" 

1 . .1 F(«".r | I,",, |- 

76. If A\ Y denote 1 tin* velocity components at the position 
j, // ami if the corresponding velocity in the second plane is 
Xu Fi, acting at the position x l( t/ u then we find, from the ca¬ 
nonical form (6), 

ar = 77i/a\ j/i - 7i// J\ 

( j Ad- - IcjjuW F| - ky\\xY ~ yj). 

Thus we have a different veetor transformation which may he 
termed the plum* transformation fin distinction from the foree 
transformation of § 74): it gives the relation between tin* corre¬ 
sponding phases in the two planes, 

If we speak of points anti vectors which correspond in the two 
planes according in the given eullineiition as project ivd\ related, 
then the result may la* stated in this form: 

The new phase veetor does md coincide with the projection of the 
given phase veetor: it has the same initial point* hut the ratio t*f the 
actual length to the length of the projected veetor is lr times the product 
of the distances from the ends of the original veetor to the vanishing 
line of the eoltineation* 

7(5. Having studied the Appell transformation and its geo¬ 
metric interpretation in terms of force vectors and phase vectors, 
we now ask whether other more general transformations cun 
play a like rflle, Appell proved the following converge theorem: 

* The phase of a particle at any instant, in the want* t»f Uiblw, m its 
position together with its velocity: it iwilefiitnl by the four uumlM-rs *,r t »/, /, gu 
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The only transformations of the form 

■*'i = ‘T’(-r, ?/), //, = ?/), dt , = ju(ar, y)<ft 

which convert every set of differential equations 

(1) '[ip ~ ‘P(- r ’ //). = <K-r,?/), 

into one of the same form arc those defined by (2), (2'). 

77. By eliminating the time from (1), giving the differential 
equation of the trajectories in the form (page 7) 

(7) y - ,,>)//'" - 1 + (*„ - VtW - <p v y*W - 3 <py"\ 

the author proved that the only point transformations which 
convert every trajectory system (of a positional field) into a 
trajectory system an* the collineutions. This remains valid 
even in the domain of all contact transformations, as we now 
proceed to show. 

We first consider the class of differential equations (ef. page 11) 

(8) //"' =■■ //, y')y" + //(*r, ?/, y')y' A 

including (7) as a special case, and characterized geometrically by 
the possession of property 1 (that is, the focal locus for each ele¬ 
ment is a circle through tin* given point). We prove this theorem: 

The only contact transformations which convert every equation 
of type (S) {that is, every system of eurees with property I) into 
one of the name type are colli neat ions and correlations. 

That no other transformations are possible is seen as follows. 
If a contact transformation is to convert type (<S) into itself, it 
must convert the part common to all systems of that type into 
itself. The curves defined by //" = 0, that is, straight lines, 
obviously satisfy (S) for every form of 0 and II, It is obvious 
that no other (proper) curves satisfy all such equations. But 
since we are (leading with contact transformations and not merely 
point transformations, we must replace the concept curve by 
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the concept union. In tin* plant 4 the only unions which are not 
(proper) curves arc points. A point is regarded as math 4 up of 
oo 1 lineal elements; so .r is constant, ;/ is constant, is ar¬ 
bitrary, and therefore ,y" and //'" art 4 infinite. Point unions 
are to be regarded then as solutions of all equations (Nb The 
common part thus consists of the oe- straight lint's and the oo 2 
points of the plane. If this is to go into itself, either points 
go into points and lines into lint's, or else points go into lines and 
lines into points. We thus obtain only eoHineations and cor¬ 
relations. 

That the collineations actually leave type (S) unchanged is 
easily verified analytically.* The work for correlations is simpli¬ 
fied by observing that every correlation may be reduced, by 
means of collineations, to the form of Legendre's transformation 

(()) Xi =? — j/\ !h 47/ - //, H\ - .r, 

(which is simply polarity with respect to the conic jr 4- —//— 1 - 0). 
Extending (9), we find 

1 1/" 

(»') 

This converts equation (X) into one of the same form 


(10) in'" *■ Uxixu in, tn')in" + ihUu //,. »/,'l 

the new coefficient functions being reinte<f to the old as follows: 


(loo 


fn * //(" in', xiiti' - in, - si), 

//, «= (}{- j*,//,' - , fu - Xj). 


This completes the proof of the theorem stated on the previous 
page. 

78. If we impose property II on the system (X), that is, if we 
consider the subclass in which 


(11) // = ;. . 

y - w(a ji) 

* Trans, jinter. Math. Sot„, vol. 7 (HKXp, p. 420. 
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tlie correlations arc no longer available. That collineation? 
actually convert this subclass into itself is readily verified. 
The same is true for the still narrower class, characterized by 
properties I, II, and III, in which the differential equation is of 

the form (of. page LI) 

(12) (//' - «)//'" ^ |X//' 8 + ju//' + v}y" + %" 2 . 

79. We pass now to the ease of dynamical trajectories, defined 
by typo (7), and state the fundamental result: 

('ollineatious arc the only contact transformation# of the flam 
which concert every system of oo :i dynamical trajectories (belonging 
to an arbitrary positional field of force) into such a system . 

The only possibilities here also are eollineations and corre¬ 
lations. The former actually have the required property. 
The latter have not, as is scam by observing that the application 
of the* Legendre transformation (9) to a dynamical equation (8) 
will result in a new equation, which, while still of the general 
form (N), will not usually be* of flu* dynamical form.* 

80. Systems of trajectories art* characterized by the set of five 
geometric properties of page* 10. Therefore projective transfor¬ 
mation will convert any system of curves having these properties 
into a system having the* same properties. So, in spite of the 
fact that the properties as stated involve metric ideas (osculating 
parabolas, angles, circles of curvature, etc.), the set is actually 
projectively invariant. It ought to he possible therefore to 
restate the geometric characterization in projective language. 

We shall not attempt to carry out this idea completely, and 
merely restate properties 1 and II ns follows: 

Consider the* « 1 trajectories passing through a given point 0 
in a given direction whose slope is y\ For each of these tra¬ 
jectories construct the* conic which has four-point contact at 0 
ami touches the line determined by two arbitrarily selected 

• We mn* from t 109 that the coefficient# (1 and //, which are rational with re¬ 
spect to y\ nrc converted into coefficients which arc not usually rational. 
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points* A and B (which remain fixed in the* following statements); 
through A and B draw tangents to the conic (in addition to the 
fixed line) and join the jaunts of contact. The lines thus con¬ 
structed, one for each of the x { trajectories, trill form a pencil 
(property I). 

As the initial direction (that is tf) varies a ho at 0, the vertex of 
the pencil just described trill move along a straight line f passing 
through 0 (property II). 

The other properties, especially the fifth, arc much more 
complicated. 

81. In conclusion we point out another wax in which the 

projective group enters in dynamics. If an arbitrary point 
transformation 

*r t ~ «tK*r» i/b i/i in j, p) 

is applied to the differential equations 

i - f(j ( //), a i/i, 

defining motion under a purely positional force, the new differ¬ 
ential equations, of the more general form 

dbai + *!y/ + i 2dq r b/ ■{ in, 

+ V»ii + ♦ m tf + t i f m iif " i r h 

will usually define a motion due to a pnxtliotml force together 
with a force depending on the velocity i\ y, If thin hitter force 
is to be absent the transformation will be affine, uh already re¬ 
marked (§ 74). If, instead, we demand that the hitter force 
shall act in the direction of the velocity land thus tic in the 
nature of a resistance), we find that the transformation may 
be any eollineation. 

More generally, projective transformations are the only point 

* In the original metric statements them* are t»f murar the circular {Hants 

at infinity. 

t The force direction wilt tie determined project tvety m the harmonic of 
this line with rmpevi to the lines joining O to A and II 
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transformations which leave invariant the type 

x = <p(x, y) + %R(x, y 7 x , y), 

V = ?/) + yll(x 3 y, x, y), 

defining motion of a particle under any positional force together with 
any resistance term acting in the direction of motion. 

§§ 82 “91. ( -ONFORMAL TRANSFORMATIONS 

82, The importance of conformal transformation is well known 
in connection with the theory of the potential. Geometric 
inversion or transformation by reciprocal radii, for example, 
yields the method of electric images due to Sir William Thomson. 
In connection with dynamics, the importance of general con¬ 
formal transformations has been emphasized by Larmor, Goursat, 
and Darboux.* 

82. Consider any conformal representation of the points of 
two surfaces 8* and E x . The first fundamental forms of the 
surfaces may be taken to be 

dr = Edir + 2 Fdiuh + (Mr, 
dsf - \(Edii l + 2 Fdudv + Odv 2 ), 

where corresponding points have the same parameters u , v . 
The principal theorem is that every natural system on one surface 
becomes by the conformal representation a natural system on the 
other . This is obvious if we remember that natural systems are 
obtained by minimizing an integral in which the integrand is 
the element of length multiplied by any point function. Hence 

The only point transformations (in any space) which convert 
every natural family into a natural family are the conformal. 

84. Consider now the oo ;l dynamical trajectories on S produced 
by a conservative field of force, the work function being W. 
These consist of oe 1 natural families, one for each value of the 

* Cf. the dwnwHmn in Kouth, Dynamic’s of a Particle, Nos. 628-635 
{method of in version and conjugate functions). 

14 
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constant of total energy h. It will he convenient to refer to the 
particular natural system produced in the given field W for a 
particular value A, as the family due to IT 4 “ A. 

The corresponding family on is due to 

If + h 

X ' 

lienee the oo 1 related natural families cm *S\ found hy varying A, 
go over hy the conformal representation into ec* natural families 
which are not usually related, that is, do not form the complete 
system of trajectories belonging to a conservative field. The 
only case in which the new families are related arises when 

1 r r. X, 

for then the new systems are due to the work function 

n\ - i x. 

We then reach the conclusion that in any conformal representation 
(excluding the trivial homothetic erne*) there is a unique conservative 
force whom complete system of dynamical trajectories k con¬ 
verted into the complete system of some (usually distinct) cotmrm- 

tive force. The work function of the force in question is defined hy 
the squared rath of magnification , 


85. Similar statements may he made for brachistochrones. 
Every system of co a brachistochrones due to any work function 
and a given value of h of course becomes such n system, for any 
natural family may be regarded as a family of brachistochrones. 
But there is only one complete system of oo 3 brachistochrones which 
is converted into a complete system f namely , that defined hy the work 

* It is obvious that in this case every complete system of trnjertorh* bmnuwt 
a complete system. The name holds for brachistochrone* titul rutetmriw. 
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function 

IF = 1/X. 

For any other work function tlie oo 1 families of brachistochrones, 
due to IF + /;, become oo 1 non-related natural families on S x 
due to 

x(ir+A). 

SO. In the case of catenaries due to IF + h, the oo 1 usually 
non-related natural families corresponding on S\ are due to 

IF + h 
A ‘ 

lienee the onlp complete spstem of catenaries which is turned into a 
complete si/stem is defined hi/ the work Junction* 

IF = A. 

87. Consider, for example, the conformal representation of the 
plane 

2 = ^ 4 - ip = r<:‘* 

on the plane 

zi - j-i + h/i ~ rpf h 

defined by 

2, as s", 

where n is neither 0 nor I. 

Here the squared ratio of magnification is 

2m- n 

X = r tB ~ n » r x n . 

* The three physical awes mentioned may he included in one general dis¬ 
cussion hy considering the extremals of 

j r«*ht m j* \W + h) m « minimum; 

when m » 1, we have least action and trajectories; when m ** — 1, least time 
and brachistochrone. For every value of m we obtain, by varying h, a sys¬ 
tem of ®§ s curves. Cf. the general discussion of the systems Sk defined (for 
arbitrary belt Is) in Chapter IV, 
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Applying the theorems stated above, we find that the tnyVctorles 

generated by 

If’ - r‘" 11 

go over into the trajectories of a new field 


For brachistochrones the corresponding fields are 

IV « r «" ", II , n " 1 " 

and for catenaries 

If, n* 

The particular transformation z\ r\ that in, w 2, gives 
rise to simple fields. Stating the results in terms of the law of 
-the central forces obtained, instead of the corresponding work 
Junctions, we have: 

The trajectories of a central force varying ns r (that is, the 
conics described about the center of force as renter) heroine 
the trajectories of a central force varying as r x * (that is, the 
conies described about the center of force ns fonts i. 

The brachistochrones of a central forte varying its r 11 heroine 
the brachistochrones of a central force of constant intensity, 

The catenaries of n central hirer of constant intensity heroine 
the catenaries of a central hirer varying as r* J \ 

88. Returning to the general conformal representation, we 
observe that oo 1 natural families forming a complete system of 
trajectories can never become a complete system of brachis¬ 
tochrones. For the trajectories on S due to If* f* h become o© 1 
natural families on Hu which, when regarded ns hritehiM uclt rones, 
are due to X/(IF +/*); and there is no work function which 
reduces this expression to the form of a function of u t r plus n 
constant depending only cm h. Thus fora given Inoii-liojiiothetie) 
conformal transformation there* is tme system of trajectories 
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which is converted into a system of trajectories, and one system 
of brachistochrones which is converted into a system of brachis¬ 
tochrones, but. there is no system of trajectories which is converted 
into a system of brachistochrones. The same is true for any 
two of the three types trajectories, brachistochrones, catenaries 
or of the infinite number of types described in the preceding 
footnote (page 

SO. As another application, consider the velocity curves con¬ 
nected with a plane field of force whose work function is W(x, y). 
For a given speed v Q , we obtain co 2 such curves, defined by 
the property that the curvature at each point and direction 
equals the curvature of a free particle starting out from that 
point, and direction with the speed v () . The differential equation 
of this velocity system is 

^ (n\-//'»*,)(! + /) 

•' q , 2 

This is recognized as a natural family; it corresponds to the geo¬ 
desics of the surface whose first fundamental form is 


c ; " (d.r + <hr). 

By varying r 0 we obtain the °o* velocity systems belonging to 
the given field; they are pictured by the geodesics of oo 1 surfaces. 

Consider now a conformal representation of the a-y-plane 
upon itself. This converts <l.r- + dy- into 

c'V.t" + (h /~), 

where H(jt, y), by known theory, is a harmonic function. We 
thus obtain c© 1 new natural families corresponding to the geo¬ 
desics of the » 1 surfaces 


(dx 2 -f- dy 1 ). 
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These <x> 1 natural families cannot usually he regarded as related 
velocity systems for some new Held: the requisite condition is 
that W shall he the same ns // except for a constant factor. 

lienee for a given conformal transformation of the plane 
(which is not merely a similitude), there is a unique complete 
velocity system belonging to a conservative field of force which 
is converted into a complete sv.stem. The unique work function 
is 

ir - n - log x t 

where X denotes the squared ratio of mugnifuetion in the given 
conformal representation. The fields obtained are Laphman » 
that is, satisfy the condition 

b jrx + fl'ut, - th 

As an example, the transformation z t - log s converts the 
og 3 velocity curves of the field If log r (in which the force 
varies inversely as the distance from tin* origin) into the oc 3 
velocity curves of the field IVi = x t (force vertical and constant). 

90. It was shown above that conformal transformations arc the 
only point transformations which corner! every natural family 
into a natural family. Natural families are eharaeteri'/ed by 
properties A and B of § :il. It is of interest to notice that 
property A by itself is conformally invariant. The most general 
system having this property (that osculating circles constructed 
at any point have another point in common) is what we have 
termed a velocity system. We now prove that 

The only point transformations which contort every rehwity 
system into a velocity system are the conformal transformations* 
Consider say the three-dimensional ease* where the general 
velocity system is 

y"~(* - yV)(i + V* + Z% 5" » ( X - z f m + / + Z'\ 

The only curves which are common to all such systems must 
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satisfy 

1 + / + = o, y" = 0 , 2 " = 0 , 

and are therefore the minimal straight lines of space. Since 
the only transformations converting minimal lines into minimal 
lines are conformal, we have the result stated. That conformal 
transformations actually leave the velocity type invariant is easily 
verified analytically*. The result is obvious synthetically (in 
the case of more than two dimensions) since the conformal group 
converts circles into circles and bundles of circles into bundles. 
Hence if the original system possesses property A, the same will 
be true of the transformed system. 

91. It maybe shown that, for any given non-conformal trans¬ 
formation, there exists one and only one velocity system which 
is converted into a velocity system. 


§§ 92-94. Contact Transformations 

92. With each natural family, or, what is the same, with each 
isotropic medium, there is associated a definite infinitesimal 
contact transformation. This connection, which appears im¬ 
plicitly in Hamilton’s fundamental memoir of 1835, was worked 
out in detail by S. Lie.f 

If the index of refraction is v(x, y, z), the associated contact 
transformation has the characteristic function 


( 1 ) 


v(x, y, z) 1 + p 2 + <f> 


where x, y, z, p, q are considered as the coordinates of a surface 
element. If the one-parameter group generated is applied to 
an arbitrary surface the resulting oo 1 surfaces form a wave set. 
The trajectories or rays appear as the path curves of this group. 
Lie showed that the category of transformations which thus 


' *Cf. Americ an Journal of Mathematics, voL 27 (1906), p. 213, for the two- 

dimensK-nal ^e Beruhrangstransformationen der Mechanik,” Leip- 

■ ' » • ilwlfimDD 145—153 A very elegant discussion, with new results, 
ziger Benchte (1889), pp. ids. a c * 6 nckOto dd 230-269. 

is given by Vessiot, Bull. Soc. math, de France, vol. 34 (1906), pp. 
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appears, with a characteristic function of type ( 1), and which he 
termed 44 the intinitesimal contact transformations of mechanics," 
is distinguished geometrically hy tin* fact that the so-called* 
transrersality relation reduces to orthogonality. 

98. The following simple and easily pro\ed theorem appears 
to be new. 

The alternant (or Klammermmtruck o/ Lie ) of the eonfact tram - 
formations associated with a a fj two media is always a point tram* 
formation, 

94. Here we are dealing with two natural families in the same 
three-dimensional space. In connection with the most general 
problem of dynamics (page 70), spares of any dimensionality must 
be considered, with arbitrary variable eunatnre. The space 
depends on the quadratic form defining tin* kinetic energy; 
this determines the quadratic expression appearing under the 
radical in the generalization of ill. The potential t determines 
the factor v which may be any point function. The general 
theorem is then as follows: 

The alternant of the eon tart transformations associated with two 
dynamical problems {or natural families) will he a point trunsformn~ 
tion when, and only when, the two expressions for the kinetic energy 
are either the same or differ by a factor f which may be any point 
function); the two potential energies remain entirely arbitrary . 

In particular, if any two natural families are constructed in 
the same space (whieh space is entirely arbitrary I, the alternant 
will be a point transformation. 

For a detailed discussion of the two-dimensional ease, in¬ 
cluding a number of converse results, the render is referred to 

the author's paper, cited in the first footnote below. 

* hie does not tme thin term, The author borrows it from the rlonely 
connected problem in the calc ulna of variation, Hit* “ The infinitesimal 
contact transformation# of mechanics,” Hull, Amcr . Moth, .XV , vnl, Ifl (HUO), 
pp. 408-412, 

t Hero conmdeml a« including the energy constant /«, which is fixed, since 
we are dealing with a natural family. 



AS1*K<TS OF DYNAMICS. 


89 


§§95 97. A («i<ori* OF SPACFXriM k Transformations 

95. In the fundamental transformation of the relativity theory, 
known as the Lorentz transformation, the position coordinates 
j\ if , « and the time coordinate t are merged: the new position 
and the new time appear as functions of both the original position 
and the original time. The Lorentz group is composed of the 
linear transformations of the four variables ,r, ?/, z, t which leave 
invariant the quadric 

/’ ( if ( r'7“ = 0. 

Its importance is due to the fact that it leaves unaltered the form 
of the Maxwell equations. 

We consider in this section an entirely different group of space- 
time transformations, depending on arbitrary functions instead 
of arbitrary constants. It arises in eonneetion with ordinary 
(newtonian * d\ unmies in the theory of forces depending on the 
time as welt as position. 

We confine the discussion for tin* sake of simplicity to the ease 
of two dimensions. What transformations of the three vari¬ 
ables #/» t will convert any set of equations of the form 

d ? x tFtf 

cn tlf . //./>, {lf > ~0 

into another set of the same form? An arbitrary transformation 
would produce equations representing a force depending, not 
only on .r, //. /, but also on the velocity tlx dt, difdt. The problem 
is to find those peculiar transformations which do not introduce 
the velocity in tin* final equations, The result is as follows: 

77a’ f ml tt spare-time transformation# which convert evert/ space¬ 
time field of force into a space-time field are those of the form 

(2) it /(/», x\ (ax i hi/) %f f {t) + <j{1) t 

i/i .■ lex T dif) \f 'it) + h(t). 

The tjroup thus i net dvr# three atlnttari/ j unctions /(0» i/W? ^CO ^ 
well ns four arlnirart / const ants a % In e, d. 
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96* Another representation of the same group, which has the 
advantage of avoiding rtidiritls i* 

dt 

■ . |X(/> I'*. J'\ | ht/\\(t) } jui/i, 

(») 

lit U\r -} flliXftl f Pith 

When such a transformation is applied to equations a), 
the new equations are found to be 

X s i*i (XX — 2X s K«.r \ hy\ i X"(« v “ 1 l>4) I Xh - 2Xp, 

XVi 1:3 (XX — 2X 5 )(<\r 4 tly) I XVy i l l Xi' — 2X*>. 

Of course the original variables .r, y, / are ht*re to he replaeed by 
their values in the new variable* .iq, y u t x . 

97. The transformation converts the spare-time curves of the 
original force into the space-time curves of a new force. Of 
course it is not a {mint transformation of the j-y-plane, so it does 
not, as was the ease for the Apjrell transformation tpngt*7(>), 
convert trajectories into trajectories. These remarks apply even 
in the special ease where the force is positional. Consider, as 
a simple example, the transformation 

ti ** Jr* 1 , * jr', y x }!•', 

applied to the equations 

/ •" .r, a *• p. 

The transformed equations are found to la* 

J 1 , « U, y t t>. 

The first field Is central, the force varying direct 1> ns the distance, 
so that the trajectories art* «* conies with the saint* center. 
The second force is everywhere *ert>, st> the trajectories are 
merely »* straight lines. 



CHAPTER IV 


CONSTRAINED MOTIONS IN A FIELD. GENERALIZATION OF 
THE TRAJECTORY PROBLEM INCLUDING BRACHIS¬ 
TOCHRONES AND CATENARIES 

§§ 98-114. Systems Sk Defined by P = kN 

98. In connection with a field of force, the only curves usually 
studied are the lines of force and the trajectories. In the plane 
the lines of force form a simply infinite system, and the tra¬ 
jectories a triply infinite system. The former system has no 
peculiar properties, since any set of oo 1 curves may be regarded 
as the lines of force in some field, in fact in an infinite number of 
different fields. The triply infinite system of trajectories has 
peculiar properties which have been discussed in Chapter I. 
Other noteworthy systems of curves are connected with the field, 
for example, brachistrochrones, catenaries, velocity curves, and 
tautochrones. 

09 . Omitting the tautochrones, the other three systems named, 
together with the trajectories, may all he obtained as special cases 
of this simple general problem: to find curves along which a con¬ 
strained motion is possible such that the pressure is proportional 
to the normal component of the force. 

100 . If an arbitrary curve is drawn in the plane field of force, 
and the particle, of say unit mass, is started along it from one 
of its points with a given speed, the constrained motion along 
the given curve is determined. The acceleration along the curve 
is given by T, the tangential component of the force vector. 
So the speed at any point is determined by 

( 1 ) r 2 = / Tds. 

The pressure P (of course normal to the curve, since the curve 

91 
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is considered Mimnt h ) j\ given hy flit* elementary formula 


(2) /’ r X. 

r 

If we increase tin* iiiitiiil speed, tin* effect is to increase v } hy a 
constant r; an*! hence 1* changes In the addition of a term of the 
form r r. 

101. If the ghen curveis a trajectory» the initial speed may he 
so chosen ftmf the procure vaumbrs throughout the motion; 
that is, trajectories may hr define*! as runes of no constraint. 
Of course, if u different initial speed is used, !* w ill he of the form 
r r; hut, as regards tin* curves, they are completely ehurueterr/ed 

hy V - th 

H!2, If the glint curve is n brachistochrone and if tin* motion 
along it is hrnehistnehrotmus Kulcr proied ins aiming the force 
to he eonservntne! that the pr«*^^iir* 4 was double the norma! 
component of tin* acting force ami opposite to it in direction, 
that is, V ■ 2A*. If the force is not euusrn alive, the real 
brachistochrones, undefined by a problem of the calculus of varia¬ 
tions, form a quadruple infinite %\ stein. The curves define*! hy 
the property V - - 2 A* then form a triply infinite sy stein of what 

should he culled pstaiilo-linietiisfoehroiies, These runes are 
really brachistochrones only ill the comenlithe ease. ho 
ambiguity however will arise hy terming tin* sy stem here con¬ 
sidered brnehhtoehroueH instead of pseud*ehraehistoehrones. 

Id*!. 7 hr (ffpirml problem niifftjrstetl is to fimt enters such that 1* 
shall hr pfofmrtionut in A . So l* k A . To a gi\ eu v nine of 
k there correspond ^, :l such runes: the y Ann so obtained will 
he denoted hy »SV Thr four spec ini rusts of phtjsicnl intrrrsl nrr 
m follows: 

k » (I gives the system of trajectories ; 

k %v — 2 gives »S* 3> the system of hrnrhistw'hrones ; 
k m I gives Kj, the system of mtctmrirs, 
k ® do gives the system of rr/orih/ carers. 
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104. Tho last cast' rt'ciuiios a justification in terms of limits 
which is easily carried out analytically. 

105. The third ease follows from the known fact that when an 
inextensible flexible homogeneous string is suspended in any 
field of force, tho resulting form of equilibrium, called a catenary 
in the general sense of tho term, has the dynamical property 
that when a particle, started out with the proper initial velocity, 
rolls along the curve, the pressure at any point equals the normal 
component of tho force: that is, catenaries are defined by P = N, 
corresponding to k ~ 1. 

Itlti. Of course a triply infinite system S* exists for any value 
of tin 1 parameter k. Tho differential equation of the system, 
in intrinsic form, is easily obtained by eliminating v from the 
(‘({nations 

(3) r/r -■ [k + 1)A\ rr, = T. 

Tho result, is 

(4) A7, (a + 1)7'— r'il, 

when* 

(4') a = 2/(/r+1). 

We may readily find various properties from this intrinsic 
equation, but in order to obtain a complete set it is necessary to 
have recourse to the equivalent equation in cartesian coordinates 

l^r T Wu - - <p u y fi \y" 


This obviously reduces to the familiar trajectory equation of §1 
when a 2, corresponding to k — 0. Brachistochrones cor¬ 
respond to a — 2, catenaries to a = 1, velocity curves to 

it -- 0 . 

107. We now state the characteristic properties of a system of 
the above type for any value of a. that is, any value of Ic. 


(a- 2) (<p+ ?/(/') 1 „2 

1 + «'* J ‘ 
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is considered smooth) is given by the elementary formula 


If we increase the initial speed, the efTeet is to inerense r by a 
constant r; ami hence /* changes by the addition nf u term of the 
form r/r. 

101. If tile given curve is a t rajertory, the initial speed maybe 
so ehosen that the pressure \unbhrs throughout the motion; 
that is, trnjeetories may be defined ns mines of no constraint. 
Of course, if a different initial speed is used, V will lie of the form 
r/r; hut, as regards flu* curves, thr\ are rompletely charneterr/ed 
by P « Cl 

102. If the given curve is a brachistochrone and if the motion 

along it is hmehistoehronotn, Euler ptmed fusmtuing tin* force 
to he conservative) that the pressure was double the normal 
component of the ailing force and opposite to it in direction, 
that is, P =» — 2A\ If the force is not conservative, the real 
brachistochrones, undefined hy a problem of flit* calculus uf varia¬ 
tions, form a tjnadruply infinite system. The curves defined hy 
the property P • «*• 2.V then form a triplj infinite system of whut 

should he called pseudo-brachistochronei, Them curves arc 
really brachistochrones only in the eoiisennthe ease, No 
ambiguity however will arise by terming the \Wrm here eou- 
sitlered brachistochrones instead of pseudo-brachistochrones. 

103. The general problem nagged ml is to ft ml ntrrrs sttrh that P 
shall be proportional to A\ Iso P kX* To a given value of 
k there correspond such curves; the system m* obtained will 
be denoted hy *SV The four Mpetial rams of phgsirul interest are 
m follows ; 

k m {) gives K 0l the system of trajectories', 
k “ — 2 gives the system of braehisttmhrones; 

k » 1 gives S u the system of eatenaries; 
k ■* oo gives the system of reloeitg rnrrrir. 
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104. The lust ease requires a justification in terms of limits 
which is easily curried out analytically. 

105. The third ease follows from the known fact that when an 
inextensible flexible homogeneous string is suspended in any 
field of force, the resulting form of equilibrium, called a catenary 
in the general sense of the term, has the dynamical property 
that when a particle, started out with the proper initial velocity, 
rolls along the curve, the pressure at any point equals the normal 
component of the force: that is, catenaries are defined by P = N, 
corresponding to k ~ 1. 

1(H). Of course a triply infinite system fiexists for any value 
of the parameter k. The differential equation of the system, 
in intrinsic form, is easily obtained by eliminating v from the 
equations 

(3) ryr {k + 1) A”, rt\ — T. 

The result is 

(4) A’r, ~ (// + 1)'/ — rill, 

where 

(4') w = 2/(t+ 1). 

We may readily find various properties from this intrinsic 
equation, but in order to obtain a complete set it is necessary to 
have recourse to the equivalent equation in cartesian coordinates 

(vt - i/W" • w, + (<Av - 

('>) j , (n - 2) (<p + y't) \ „2 

~r + i + ./’.I s ' 

'Phis obviously reduces to the familiar trajectory equation of §1 
when « 2. corresponding to k » 0. Brachistochrones cor- 

respond to n - 2. catenaries to « » I, velocity curves to 
n 0, 

107. We now state the characteristic properties of a system of 
the above t\ pe for any value of n, that is, any value of k. 
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Chameterintic Propert'tex of the System Si- 

Property t. For any given element’(,r, y, y’) the foci of the 
osculating para bolus of the single infinity of curves determined 
by the given element lie on a circle passing through the given point. 

Property 2.~ At any point 0 the tangent of the angle which the 
focal circle makes with the Riven element is to the tangent of 
the angle which the given element makes with a certain direction 
fixed at 0 (the direction of the acting force's as :i is to ti -j» 1, 
that is, ns d/.* + 8 is to k + 3. 

Property 3. Through a given point there pass a single infinity 
of curves admitting hyperosculutiug circles of curvature; the 
centers of these circles lie on a conic passing through the given 
point in the direction of the force vector. 

Property 4 -"The normal at the given point 0 cuts the conic 
described in property d, at a distance cquul to n f 1, that is 
(&■+•*!)/(&+ 1). times the radius of curvature of the line of 
force passing through 0, 

Property 5. - This is of the same form as property V (§ d) 
obtained in the dismission of trajectories, tin* number d being 
replaced by the number n +■ 1. In the notation of page 11 

d 1 d 1 oM, y — u, w„ 

djvf.T dy lilt' ' (h (• Uw* 

108. The special ease when* n equals — 1, that is, the system 
£_a, is exceptional and requires a separate discussion; but ns 
we do not need the results, this ease is omitted. 

109. While the properties corresponding to different values 
of k are analogous, they are of course not identical. The first 
property is common to all the systems. Hut the second property 
involves the parameter k. Thus, while for trajectories the con¬ 
stant ratio that appears is 1 (bisection), it is — d for brachisto¬ 
chrones, 3/2 for catenaries, and d for velocity curves. Not only 
are the triply infinite systems »S'», corresponding to different 
values of k, distinct in any given field of force, but also no two 
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systems arising in two distinct fields can ever coincide. For 
example, if a certain system of oo* curves arises as trajectories 
in one field, it cannot also arise as catenaries in either the same 
or another field. 

110. If we combine all the systems S k , in a given field {<p, \p), 
we obtain a. quadruply infinite system which we now proceed 
to study. The differential equation of the fourth order defining 
this system is readily obtained by eliminating k from the equation 
of fo. It is more convenient to carry this out in terms of in¬ 
trinsic quantities, using either the radius of curvature and its 
first, and second derivatives with respect to the arc, quantities 
denoted by r, r», r„„ or else the radius of curvature together with 
the radii of the first, and second evolute, quantities which we 
denote by r, n, r>. The two sets of quantities are equivalent, 
being connected by the relations r I = rr„, r 2 = r-r„ + rr„ 2 . The 
equation of the quadruply infinite system may then be put, using 
the notation of § 2, into the form 

Nr, -f- r'Jt 

| Nr„ + ^ r ^ r. 

This may be written in either of the forms 

r„ ~ (fo + for“’)r« + for + fo, 
r ., = r - > r , 2 + (for -+• fo)ri + for 3 + for 2 , 

where the fos are functions of .r, y, y'. 

111. We notice first that r-> is quadratic with respect to r\. 
Hence for given values of .r, y, y', r, that is for a given curvature 
element, the oo * curves of the system have the property that the 
locus of the third center of curvature is a parabola with axis 
parallel to the fixed radius of curvature, that is, perpendicular 
to the initial direction ;/'. 

112. An equivalent statement is this: If for each of the curves 
we construct the osculating conic (five-point contact), the locus 




IMi tiik i»iu\rrtfi\ utLDmrttwf, 

of the renters of these conics F n route passing through a given 
point in the given direction, It in perhaps worth w hile to restate 
this, so far as it (‘omrrtis tin* four special niscs of pfi\ siml interest, 
as follows; In any piano field of furor select nuv fixed element of 
curvature; corresponding to thr initial \nines of j\ i/ # // ami r so 
given, construct tin* unique trajeeton, unique bruehistnchroue, 
unique catenary, tin* unique \eloeit> curve, and fin* respective 
cantors of tin* osculating conics; tlir four centers so found and 
the given point u\ t/i will he on n oonio pacing through the latter 
point in the given direction i/\ {( ‘f, the lir^t foutnotr on page \)K) 

1 hi. Keeping the curvature elniirnf fixed and \aning the 
parameter A\ the value of r # or. whut h rquiv nlnif, of r t , varies 
linearly. As above, let n denote the frartion 2 «k I 1); then if 
values of n forming an nrithmetir progression are selected, the 
corresponding values of r t also form an arithmetir progression, 
Tin* successive differences in the values of ff eorrespnudiug to 
the case of trajectory, hruehUtochrone, ratetmrv, and velocity 
curve are proportional to b — ll t t, 

l M, If in the system Ah we keep ,r, g, if* fixed and v ary r, two 
limiting eases of interest arise, First, if r heroines infinite, then 
r„ is also infinite, and the limiting rtir\r obtained is a straight 
line. In fact the x 3 straight lines of the plane form part of 
every system Ah* 

On the other hand, if r approaches zero, then r, npproarhes n 

definite limit 

t» t 11 T X 

Remembering that the tangent of the angle of deviation is one 
third of r $t we may state the result obtained ns follows: In any 
system Ah if we take any lineal element and let r npproneh zero, 
the tangent of the corresponding angle of deviation is to the 
tangent of the angle which the force vector makes with tin* normal 
to the given element in the fixed ratio of a -f ! to II, The special 
values of this ratio for the four special >v stems of physical 
interest are respectively l, — I a, 2 :$, I a. In the cine of tra¬ 
jectories, it is noteworthy that the limiting position of the axis 
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of deviation coincides with the direction of the force acting at 
the given point. 

§§ 115 110 . Curves of Constant Pressure 

115. We now consider a second simple generalization of the 
problem P = 0, defining trajectories. We consider, namely, 
curves corresponding to P = r, where a denotes any constant. 
The curves obtained may be termed curves of constant pressure: 
only along such a curve is a constrained motion of a particle 
possible such that the pressure against the curve remains constant. 

For a. given value of c a system of °o 3 such curves is obtained, 
whoso intrinsic equation, found by differentiating the relation 

P =£• r/r — JV = c, 

is 

(r + N)r B = K7 T - SK. 


We see that this system for any value of c retains property I of 
the system of trajectories. Omitting the discussion of the higher 
properties of these triply infinite systems we consider the quad¬ 
ruple infinite system whose differential equation, found by elimi¬ 
nating r, may he written in either of the intrinsic forms 

CJir - l\fr)r M - (2 P)l - T)r* + [%r + (% - 3 X)r - 

r< s )ir - 5 7V* « (3r s Ji - 47>r+ [%r*+ (% - 33T)r - 3Mrri. 

This gives the totality of curves of constant pressure defined 
by a given field. 

Ah regards .special eases of interest, we note, in addition to 
e ss 0, giving trajectories, the ease a = °o which gives r 8 = 0, 
defining circles; hence for any field of force the 004 curves of 
constant pressure include the oo 3 circles of the plane, which arise 
in fact as curves of infinite pressure. 

110. The quadruply infinite system which here arises, as well 
as that obtained in the previous problem P = JcN, comes under 
15 
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the category represented by u differential equation of the type* 
// IV « Air * 1 + ////'" + < 

It therefore enjoys the property, previously stated in the other 
problem (§ 112), that the hums of the centers of the osculating 
conies corresponding to any element u\ //, //, //") is a conic 
touching the element Cr, //, //'). Of course, since the forms of 
A, /f, C in the two problems arc* quite distinct, tin* s\stems are 
distinguished in their higher properties. 

§§ 117 1 IK* TArrorunoM.s 

117. Tuotoehrones are not included in either of tin* previous 
problems. They arc* not distinguished by any simple law of pres¬ 
sure.! The condition fora tuutoehrone is that the* resulting eon- 
strained motion of a particle* along flu* curve be* harmonic, that is, 

(1) T - H# ~~ 

where k is a constant (which is negative* for actual and positive* 
for virtual tautoehrones) and *v ~ ,<r () denotes the* arc* reckoned 
from a fixed point of the curve, the* center of the tnutoehronous 
motion. From this 

(2) r„ - o 

and hence, by expansion, the general equation of the nyxtem of m 4 
tautoehrones in any field i&t 

(3) Nr $ - T,r* + (t« f tt)r - 7\ 
where the notation is that of § 2. 

* This type (noteworthy In that it unities many distinct mathematical ami 
physical problems) first presented itself in the author’** study of 11 Systems 
of extremals in the calculus of variations, 1 ' Hull, Amer, Math, Sm\, vol. 13 

(1907), p. 290: the extremals of any integral of the* second tinier j* fir, y * y\ y n )tlx 
form a system of that tyj»c. In the*ae lectures other physical problems loading 

to species included in this type are treated in |§ 110* 135, 137, 
t It may be*, shown that during any iauiorhronou* motion 

P - A*Ci - n)*lr - JV. 

t u Tautochronca and brachistochrones,” MulL Amer „ Math. <SV,, veil. 15 
(1909), pp. 475-483, 
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We see tlmt r, is a quadratic function of r, and not a linear 
function as in the case of trajectories and the other systems S k ~ 
For a discussion of the geometric properties of tautochrones, we 
refer to the dissertation of II. W. Reddick.* 

11S. 1 here is no field in which the tautochrones coincide with 
the trajectories, or with any of the systems S k , in either the same 
or som(> other field, except for the ease k = — 2 corresponding 
to brachistochrones. The classical work of Huygens and J. 
Bernoulli showed that for a uniform field the system of tauto- 
ehrones is identical with the system of brachistochrones. The 
author has shown that, the only other field where such duplication 
occurs is that in which the force is central and varies directly 
as the distance. Tin' only case of duplication in two distinct 
fields is as follows: The tautochrones of the field <p = 0, \p = y 
coincide with the brachistochrones of the field <p = 0, = $T 3 . 

The particular fields arising in this duplication problem are in¬ 
cluded in the interesting class of fields, involving eight parameters, 
characterized by the vanishing of the element function 
For such a field r„ according to (:l), becomes linear in r, and hence 
the oo- straight lines of the plane are included in the system of 
tautoehrones.t 

1 lb'. Much of the oo 3 tautochrones in a given field has asso¬ 
ciated with it a certain time of oscillation, determined by the 
value of the constant k in (l). To each value of the period, that 
is, to each value of k, corresponds a certain family of °o 2 tauto- 
chroncs, whose differential equation, in implicit form, is 

r(k - X) = N, 

or, expanded, 

0 P — ,vV).v" — ^0 + y'~) ~ !<Ar + (<Pv + ^x)y'+ ^vV"}- 

We pass over the easy geometric interpretation; and note merely 
the special family, corresponding to the value k = 0, for which 

* Amcr. Jour, of Math., vol. 33 (1911). 

t The corresponding problem in apace is treated in Reddick's paper and 
gives a dam of fields involving twenty parameters. 
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the period is infinite, Thb separate fin* mlual from the \ irtual 
tautoehrones. 

§ 1 10. NnS-I XU * »HM t'Ui \ \ HI I - 

110, It is a familiar fart 11ml \rrtieal para hula . appear in 
elementary dynamics in tun di .tinet di m tun -; fir u. a . frajer- 
tories of a eaiinon ball, am! •■erondh a * form > <»f equilibrium of 
a (‘bain in which the mav. fur haul ' uf ain element i . proper- 
tional to the hnri/.outtd pnijrrtion uf t hat element. Here the 
foree is ordinary gravity , The pur Hunan r u bother am other 
fields of Foree gi\ e rise fun like duplu at mm 

We first consider the follow im; general problem of non-uniform 
catenaries. If a flexible string or « bain, in \s hieh the num * of 
any element (if length h j »r* u *rt ioi ta 1 I *» nine rn rii function ^ of 
•r, //, if\ is suspended in a pobthmal held, the po side form * of 
equilibrium are defined b\ the equation 

A r„ — 21 —■ {1 f // tA/i y r\ \ » 1* n ■ b\ < a | 

Ibis represents the * A u< ut "Uniform < at mane for a g i \ «* u field 
and a gheti dm i\ \ law a r, m i/ , where /* denote. 

log ix. 

On the other hand, the trajeetmie hi the guru tiehl are delined 
by the equation 

AV, / i K 

Our problem then is to find ihu «• fmtd tot whirls the two 
s\ stems described coincide, / ht n .mil »/ ihni thr fit It I 

wuxt hr mitral nr pamtlt I, The detailed re sill b it . full. *W . 

In anj cent ral field of foree the * trajeetonr ina\ lie ala * 
obtained as catenaries b\ loading fhe ehuiu so that it . dels »it \ b 
proportional to the perpendienlar dropped from the renter to 
the tangent line. In the more q>eeiul ease where the field b 
parallel, the density in proportional to the dnr of the angle 
between the element of the vmw and the foree 
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It is easy to obtain analogous comparisons between brachisto¬ 
chrones and catenaries. In this case the density must vary 
inversely as the cube of the perpendicular dropped from the 
center (or of the sine of the angle referred to above). For 
example, in the ease of gravity the vertical cycloids which appear 
as brachistochrones may be obtained as catenaries by causing 
tin* load applied to any clement to vary inversely as the cube of 
its horizontal projection. 

All the results may be included in a generalization found by 
comparing the non-uniform catenaries with the systems denoted 
by S k in § 103. The density must vary as the (» —l)th power 
of the perpendicular, when* it is the number defined on page 93. 
The field is necessarily central or parallel. 



CHAPTKK V 

MOHK COMl’LK'ATKI > TYPFS (IF F< 

§§ 120-122. Motion in v Hksistino \ Iki*»ii'.m 

120. We consider the motion <»f it |uirtiele mov init in t he plane 
under a positional field of force a ml influenced In- 11 resisting 
medium, the resistance acting in the direction of the motion and 
varying as some function of the speed r. The e-qiiutions of 
motion will then he of the form 

(1) df = (p(r, y) -f rf(r), y » | g/i cl, 

where the resistance R is ecjual to 

R * r/ir). 

The differential e(|imtion of the trajectories is f< »um 1 to he 

{'P — J/V)'/'" ~ I'/'.r *f U^Py ~ VN * '/V*l 

(2) - V//"" - 4 J/V//" 1 . 

where the argument r of / is to lie c\ pressed in ter-ins of x, y, 
y', y" by means of 

„ — //V)f l d- .(/"*) 

11 * 

i/' 

Consider now the » l trajectories starting frtmun Kiweii element 
(x, y, y'). The focal locus, that is, jhr locus of the foci of the 
osculating parabolas, varies in sluiptj with the ft met: inn /, that 
is, with the law of resistance. j 

We know that, if there is no resisUtuce, property I of § d holds, 
that is, the focal locus is a circle passing through t lie ggiveu point. 
Are there any resisting media for which this jirn|io*rly is pre¬ 
served? A simple discussion shows that there u re, the appro- 

102 
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priate media being those for which R is of the form Av 2 + B. 

For such media, property II will not usually be fulfilled; in 
fact the only medium preserving the properties I and II is that 
•in which the resistance varies as the square of the speed. 

Tf wo impose also property III, both A and B must vanish, 
that is, the resistance, vanishes and the force is purely positional. 

It is of interest to examine the case where the resistance varies 
ns any power v n of the speed. The differential equation of the 
trajectories is then of the form 

y"' = ay" + by"- + cy" m , 

where 

m = i(4 _ w ). 

The focal locus is a curve whose inverse with respect to the given 
point is 

x =«! + M' + cir™- 1 . 

This becomes a straight line (as in the case of no resistance), 
when m is 1 or 2, that is, when n is 2 or 0. 

The curve is a conic when m is 3 or 0 or 3/2, that is, when n has 
one of the values — 2 or 4 or 1. When n — — 2 the conic is a 
parabola with its axis parallel to the given element. When 
n = 4 it is a hyperbola, asymptotic to the line of the given initial 
element. When n = I it is a parabola touching the initial line 
(not at the given point). 

121. We now state briefly the corresponding results in ordinary 
apace. No matter what the law of resistance is, property I 
(of the set of four properties for space given ii\ § 11) is fulfilled; 
for the osculating planes necessarily pass through the force 
vector. The only laws for which property II is preserved are 
those included in 

li = A*+B. 

If property III is also to be preserved, the resistance must vanish. 

122. The results may be derived easily from the intrinsic 
equations 

(3) 


® 2 = rN, vv, — T + R, 
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obtained by taking components of tin* acting forces along the 
normal and tangent to the trajectory. The geometric equation, 
resulting from tin* elimination of i\ is of the form' 1, 

(4) Xr, ' — rfi t d T f 2 / 1 . 

This gives the relation between r, (the rale of variation of r 
with respect to.v> and r (the radius of vmxnt tire l The resistance 
/i, whieh is given as a function of r, is here to be expressed in 
terms of r by means of the first of the relation* bU. If prop¬ 
erty 1, of plane trajectories, is to hold. r s most be u linear integ¬ 
ral function of r; this will be the euse not onh when H vanishes, 
but also, as stated above, when it is of the form f e f ib 

§§ 123 1‘ifl Purtiru, on \ St hi m t. 

123* The motion of a particle on any roust mining 'airfare 

x = (p{u, r), // - ySu/, th * \» w. r) 

under any positional forces may be in\estigated most simply by 
means of the Lagranginn equation* 

d/BT\ _ BT ii fii7\ /if 

dt\du) dv * dt \ dr / fir 

where T is the kinetic energy 

27* ^ Eid-h 2 Fur f (ti ;: 

and (/, V are the components of the force gi\m as functions of 
w, u.f The explicit equation* of motion are of the form 

il « { h + .bur f 2 J|iif } ,fyr» 

r 888 'P + thdd f 2/#i ut } ll 7 v 1 : 

* From this we may obtain the following dviiftimnd mmlf If n |»hi ti**b* 
starts from rest, the initial rndiu* of curvature of the tmjreton m to the 
radius of curvature of the line of force immung through the initial point as 
3T + 2Ii is to 1\ When It vaniahc* we have the eiiujih* remdt j»r**\ lomdy 

stated, 

fSee for example Whittaker, Analytical I Htiiiinicn, p It no, ami lliolir 
rmird, Jour, dr Math . (fig vol. 3, p, 33 I. 
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wlioro <b, '1' define the force and the yI’s and B ’s are functions of 
v, v depending only on the given surface. 

1-1. We observe that here ft, ii depend not only on the position 
u, p hut also upon the velocity u, v. Hence the motion in the 
wo-planc corresponding to the actual motion on the surface 
is not. usually generated by any positional force in that plane. 
The only exception arises when the yf’s and the B’s vanish 
identically: this is the ease only if the given surface is develop¬ 
able, and if its representation on the i/u-plane differs from its 
development, on the plane by at most an affine transformation. 

Another problem including this as a special case is to deter¬ 
mine when the motion in the wa-plane can be regarded as due 
to a positional Force together with a resistance acting in the 
direction of the motion. The condition for this is 

do ir + 2/1 pn) + Anil- _ u 

Buie + -Biiiii + B 2 V- ii' 

Expanding, we find four conditions on the six functions A, B, 
whit’ll turn out to be precisely the conditions that the geodesics 
of the surface shall be pictured by straight lines, a result which 
may be proved directly. Hence the only ease in which the 
motion on the surface is pictured in the wo-plane by a motion 
due to a positional force together with a resistance depending on 
t he velocity components and acting in the direction of the motion, 
is that in which the surface 1ms constant curvature and the rep¬ 
resentation is geodesic. 

125. We proceed with the general equations of motion. If 
we eliminate the time, we obtain the differential equation of the 
third order defining the « :t trajectories in the form 

(\p _ yqqy" -s j 5„ -j- 6, p’ + 5 2 i/" + 6 3 b' 3 + 5i»' 4 + 5 6 ®'°} 

+ {<0 «1®' “f* *2®'" + «3®' 3 }®" 3$®" , 

when* the coefficients are functions of u, v. We confine our¬ 
selves to the observation that the picture curves in the uv- 
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plane come undcr’the type 

r'" = F h - 1 ' /•>" | h\r"“, 

wheretliecoefficientsare lineal-element functions; the fueal locus 
is thus not a circle, hut u special quartie. lienee if we consider 
the oo 1 trajectories on the surface obtained hy starting a particle 
at a given point in a given directiuti with dilfereut speeds, the 
picture curves in the »e-plune have osculating paraholas at tin* 
common point whose foci lie on a special quart ie curve. 

12G. What is the simplest property of tin* actual trajectories 
described on tin* surface? What is, in particular, the locus of 
the osculating spheres of tin* *- 1 trajectories considered? 

To answer this we take our surface not in parametric form, hut 
in the explicit form 

= /l.r, >/'. 

We may take the given point as origin, the tangent plane us the 
a\i/-phuie, and the fixed Initial direction us that of the avis of x. 
We find,hy differentiating the equation of the surface and making 
use of y' — 0 , z' — 0 , that 

z" = a, z'" /, | ry", 

where a , b, <: are constants, (‘(pud respectively to the values of 
the partial derivatives/„, /,„, \f, v at the origin. Again, from 
the general equation of the trajectories, we have a relation of the 
form 

» « 1 fty" 4 7//"'- 


The center of the osculating sphere of the trajectory is then 


A’ « 0 , 


Y - 


£ 




y"z ,n ~ 


y"z Hf — z u y fN 


h 1 - ry" 

y"(l> + ry") — ukt lfiy" 4 yy'"l ’ 
— in 4- fly” 4* yy " i 
y"(b 4" ry") — H[a 4 ,Sy" 4 7 
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Here ?/" enters us parameter, varying from curve to curve: 
eliminating it, we find the locus, lying in the plane X= 0 , to be 

«P + 01'(l-^) +y(1 - aZf + Z{bY+c{ 1 - aZ )} = 0. 

lienee f6r any positional force on any surface, the oo 1 trajectories 
starting from a given. lineal element of the surface have osculating 
spheres, at the common point, whose centers lie on a ( general) conic 
in the plane normal to the element. 

This conic passes through the center of curvature of the normal 
section of the surface determined by the given element. If the 
element is in one of the principal directions of the surface, the 
conic touches the normal to the surface. 

§§ 1117 !■'!(). Tim: (1 hnkkaij Fipxd in Space of ?i-I)imensions 

127. Any dynamical system with n degrees of freedom maybe 
represented by a particle in space of n dimensions. For example, 
an arbitrary rigid body in ordinary space is represented by a 
particle in six-dimensional space, and the astronomical problem 
of three bodies in the most general case leads to a representative 
particle in space of nine dimensions. 

For conservative forces, or natural families, the general dis¬ 
cussion for any dimensionality has already been given (§ 69). 
We shall not attempt a complete discussion for arbitrary posi¬ 
tional forces (corresponding to that given in Chapter I for two 
and three dimensions). The equations of motion for an arbi¬ 
trary field are 

.I'l •- yj * ’ * , •»'„), * ' U',t ” yn(*Tl, ' ' *, 2*n). 

We confine ourselves to the simplest questions. If the initial 
position and initial direction are kept fixed, and only the initial 
speed r is varied, what are the properties of the oo 1 trajectories 
obtained? The simplest geometric result is that r„ (the rate of 
variation of the radius of curvature with respect to the arc 
length) varies as a linear function of r. The locus of the centers 
of the osculating spheres is a straight line, just as in the case 
where n is three. 
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128. A general curve in //-space has at each {aunt an osculating 
plane, an osculating 8-flat, and so on tip to an osculating (// — 1)- 
flat. It is obvious that our v 1 f rajeetories lm\e tin* satin* os¬ 
culating plane since this is determined by the gi\en initial 
direction and the direction of tin* force. It run lie dimvn that 
the osculating 8-flat is also fixed; tin* Mint \arie%, generating a 
pencil; the 5-flat varies, generating a quadratic s\ stein; and so 
on, with more complicated variations, 

129. Consider next tin* connection between the \arums cur¬ 
vatures and the speed. 

In the plane (// - 2 ) there is only our etmuture y u and this 
varies inversely as the* sepia re of r. 

In space (n -■ 8) the first curvature \aries a . abou% and 
the second curvature or torsion y« remains h\ed. 

If n = 4, we have three cun attires. The laws fur y t and y 7 
are as above, while 

7:i n | c*v \ 


where e lt c« are constants (depending of course on the given 
initial lineal element). 

If n = .>, we have 7 i uv % I* < these forms are valid 
for any dimensions! and 


Jz 


x n T tyv ’* f rat b 


It 


tfi | d«r ’ ) //. } r* 
<li f tl J ' 1 | tl r J A * 


If n — 0, 7a remains tin* same, the numerator in y t in replaced 
by the square root of a polynomial itnolung r\ and >, i.s given 

by a rational formula. 


It is easy to write clown the general formulas for tin* n - ! 
cunatures in h space, All t*x<-t*jit the first, %eeoiid f and the 

last are irrational. 1 hese results are to be regarded us general¬ 
izations of the elementary fact fiurluded in the formula for 
centrifugal fora* rvr), that the ordinary curia! tire varies ns r b 
180. By eliminating r from any two of the formulas, we can 
obtain purely geometric results. For example, in space of four 
dimensions, 73 *= A + liy h where A and U depend only on the 
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■common initial element. But in higher spaces 

Y;i V A -f- liy i + Cyi 1 . 

'Phis is the form required in particular in the application to the 
problem of three bodies, since the representative space has nine 
dimensions. 

§§ Id! Id'-’. 1 NTKItACTIN'O I’AKTICI.KK IN THE PLANE AND IN 

SlWCK 

Idl. We consider the motion of v + 1 particles, denoted by 
M y Mu • • •. M»- moving in the plane under the action of any 
forces depending on the position of the particles. The dif¬ 
ferential equations of motion are then of the form 

V"U» »/. •*'!, Hu ■ ■ •> •»'«, Vn), 

!i r ^(-»\ //. J*i, Hu -y -r n , y»), 

•h =• ipiU, //. -ri, </i, • • »/„), 

!/I -• !/, -fu !/U ■ ■ *, A„ Vn), 

and so on, where the masses --which cannot be assumed to be 
unity as in the ease of a single particle- are absorbed with the 
forces in the right hand terms. Prom these equations the fol¬ 
lowing properties may be deduced. 

(1) Given the phases of M\, «»d the position and the 

direction of M, a set of «. 1 trajectories of M is determined (one 

for each value of the speed). The foci of the osculating parabolas 
lie on a special qnnrtic curve whose inverse with respect to the 
given point is a parabola tangent to the given initial line (the 
point of contact, however, is usually not the given point). 

(2) If the speed of one of the remaining particles, say M u is 
varied, all tin* other initial conditions being unaltered, the 
parabolic locus just obtained varies. Its point of contact with 
the initial line remains fixed and all the parabolas, one for 
each value of the speed, are homothetic with respect to the point 
■of tangeney. 
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(3) The normal constructed at the common point of tungency 
cuts the parabola again at a distance <1 which varies in such a 
way that the square root of d can la* expressed as a linear com¬ 
bination of the square roots of the radii of curvature of the cor¬ 
responding trajectories described by the particles M u **«, M n . 

(4) If we preserve the phases of the particles M u «**, M n% 
then, for each initial direction //' of .M, we obtain, by (H. a 
certain parabolic locus. Consider the relation between the 
axis of this parabola and the initial direction. It is found that 
the initial direction if always bisects the angle between the 
direction of the force acting at the given point and tin* direction 
of the axis of the parabola. 

(5) Furthermore, the point where the parabola touches the 
initial line describes, when t/ varies, a quartie curve whose 
inverse with respect to the given point is a conic passing through 
that point in the direction of the force. 

It is to be observed that the statement (3) about the variation 
of d simplifies considerably in the ease of two particles (that is, 
n = 1). In that ease d varies directly as the radius of curva¬ 
ture of the trajectory described by 3/ t . 

132. A fesv corresponding results for tin* ease of any number 
of particles moving in space are* as follows: If the spinal of M 
is the sole arbitrary parameter, the trajectories of M have 
the same osculating plane; the torsion varies according to a 
linear integral function of the* square root of the curvature; the 
locus of the centers of the osculating spheres is a cubic curve of 
special type*. 

If we assign the phases of all the particles except M\ and assign 
the position and direction of M u then tin* speed of 3/*» or, in 
consequence, the curvature of the trajectory described by Mu 
is the only arbitrary parameter. There will then be qc* corre¬ 
sponding trajectories described by J/. These will of course start 
from the same point in the same direction with n common os¬ 
culating plane and a common curvature, that is, they all have 
contact of the second order. The torsion varies and so does the 
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center of the osculating sphere. The simultaneous variation is 
controlled by the law that the distance from the center of the os¬ 
culating sphere to the fixed center of curvature varies as a linear 
integral function of the radius of torsion. An equivalent state¬ 
ment. is that the rate of variation of the radius of curvature 
per unit of the arc is expressed by a linear integral function of 
the torsion. 

All these results apply in particular to the three-body problem. 
The present, application is more concrete than that indicated in 
§ 120, since no higher space is here introduced.* 

§§ 1IW MI, Forces Depending ontheTime. Trajectories 
and Space-Time Curves 

Kill. Hitherto the force has been assumed to be independent 
of the time; now we consider the generalization where the force 
depends in any way upon the time as well as the position. Take 
the case of a particle moving in the plane; the equations of motion 
are then of the form 

(1) j 1 ^ <p(x, y, t), y = yf/{x,y,t). 

From these, by differentiation and elimination, we may derive 

(2) if" « Py" + Qy' fl + Hy"\ 

when* the coefficients are functions of x, y, y', t, namely, 
n + iffy ~ V'(<P* + y >( Pv) 

v — y<p 

'~'p — yV = (V' - yV) r 

If we are given the initial time, position and direction, that is, 
the initial values of t, x, y, y', there will be a certain set of oo 1 

* Since the forces in tho three-body problem arc conservative, we may 
decomjiOHO the motions into natural families, and interpret each family in a 
flat space of eight dimensions. The circles of curvature at a given point will 
meet again; eight of them will be hyperosculating, and these will be mutually 
orthogonal. Cf. $ 70. 



112 


Til K mUNVKTnN COIJ.oqt ITM. 


trajectories, one for each value of the initial speed, The follow¬ 
ing properties art' obtained: 

(1) We find that tin 1 focal locus (that is* tin* locus of the foci of 
the oo 1 osculating parabolas) is a quartie cun e w Isom* inverse w ith 
respect to the given point is a parabola which K tangent to the 
given direction line (tin* point of contact is not tsMialh at the 
given point). 

(2) As if varies (»r, i/, / being held fixed) tins point of contact 
describes a cubic curve whose inverse is a <'0010 pacing through 
the given point in the direction of the force, 

(2) The initial direction of //' bisects the angle between the* 
direction of the force and tin* direction of tin* axis of the parabola 
described in (1). 

124, The total system of trajectories for all initial conditions, 
consists of so’ 1 curves. Only in the east* where the force does 
not depend upon the time does tin* s\ stem consist of / :| tra¬ 
jectories. In tin* properties stated nbo\e, the initial time is 
kept fixed. In n certain sense then the results are not pure!\ 
geometric: they would not appear in a photograph of the complete 
system of trajectories, 'This system will he represented h\ a cer¬ 
tain differential equation of tin* fourth order; but it is not possible 
to carry out the requisite eliminations in explicit form, and hence 
the derivation of purely geometric properties in\ohcs essentially 
new difficulties. A complete elmraeferr/nfion K howe\er ob¬ 
tained, by projection from spade curves, in §§ 12th 1 lit. 

125. There is an interesting special ease in which the elimina¬ 
tion can he carried out: namely, the problem of the motion of a 
; particle of variable mam in a positional field of force. The time 
then appears only through the mass, so the equations of motion 
are of the form 

00 f(0# = j/). fit)a ® 1 /). 

As the result of the elimination is complicated, we shall here 
consider only the ease where the function /(/), representing the 
mass, is of one of the special types i\ e\ (log tr\ The ecpia- 
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tion <>t tlu* tourth ordor representing the trajectories is then 
futnui to be of the form 

Ml »/ ,v ~ -I //'" 2 + Bir + c, 

when- ,f, H, (' involve only ,r, ;/, y\ y". 

see that tbc fourth <l(>rivative is a quadratic function of the 
third derivative. 'Phis category of equations of the fourth order 
arises in a number of different connections, in particular in the 
inverse problem of the calculus of variations, as stated in § 116. 
The characteristic geometric property may in the present case 
be stilted as follows: 

If tlu* particle, whoso mass varies according to one of the four 
laws stated* is projected into a held of force from a fixed initial 
position in a fixed direction at different times, with the initial 
speed for each time so adjusted as to cause the initial curvature 
of tin* trajectory to have a fixed value, and if for each of the 
1 trajectories thus obtained we construct the osculating conic 
(having five-point contact), the locus of the centers of these 
conies is a conic passing through the given conic in the given 
direction* 

Of course not every system of oc 4 curves having this property 
can he regarded as a trajectory system corresponding to equations 
of motion of the form considered. We do not, however, attempt 
a complete characterization. 

i.’lth SjHur-timc Tamvo When we integrate the equations 
of motion, either in the special ease where the forces depend only 
on the position 

ll') i a? yH>, i/), // = ^(.r, //), 

or in the general ease where the force depends also on the time 

(1) j 1 ■** //,/)» y- y, t), 

we obtain .r and // expressed as functions of t and four constants 
of integration. If we represent i by an ordinate perpendicular 
to tin* ^v-plane* thus considering jc % ?/, t as rectangular coordinates 

HI * 
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in space, we obtain a certain system of x 1 curves in that space 
which we designate as xpa<r~(!mt' o/mvo* 

If we project these curves orthogonally on the /// plane, we 
obtain the trajectories. In the general ease (1) there will be 
oo 4 of these trajectories; but in the special east' where the force 
is positional, only 00 a trajectories arise, since the system of space¬ 
time curves, whose number is still -x now admits the group of 
translations along the /-axis. 

If we project the space-time curves orthogonally on thejr/- 
plane and on the 1 //-plane, we obtain in eneh ease 11 system of x 4 
plane curves, 

Whatarethe properties of tin* system of 4 sjmcr-time curves? 
The following two properties an* characteristic; 

(1) . Theoseulutiug planes of the space-time eun es through 
a given point go tlmmgh a fixed line parallel to the ///-plane. 
(This line is parallel to the direction of the force acting at the 
projected point in the ///-plane.) 

(2) . If the 0© 2 space-time curves through the ghen point are 
orthogonally projected on any plane perpendicular to the ///- 
plane, the oo 2 plum* curves obtained are such that thu*e which 
have the same tangent also have tin* *nme curvature, 

Another complete characterization may be given a* follow*; 

(2). If the* f 50-' space-time curves through u gi\en point are 
orthogonally projected on either the //-plane or the ///-plane, 
the 00 - plane curves obtained have their center* of curvature 
located cm a special cubit* of the form / 3 I /*) or / 5 huf | fh 

A corresponding cubic locus will then necessarily arise In pro¬ 
jection on any plane perpendieultir to tin* ///-pliute, 

* It may he remarked that if, in problem il» ( flu- him* nmlfjphrtl hv a 

const ant c (or, what is equivalent, the iniuui of the pariah* t» tiiiili i|»Ii«*«t l»\ 
1/e), a dint met system of x,* spare-time curves a ill he obtained The totality 
of go* upaeo curves, thun related to the x* plane problem* 

/ ** <V(/, f/« h» U I/, h, 

may be gmeratwi as trajectories in a thriv-dimeuMoiml jwwtfiimttt firbl of 
force. The ao 1 curves have the four characteristic projwriter of n npucr 
system (§ il) and the further jimtltartH that the direction of the furor in 
parallel to the /j/-plane. 
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i:*7. Consider the oo 4 curves in say the .rf-plane. These are 
the curves representing graphically the relation between the 
abscissa .r and the time t. By eliminating y from the set (1), 
we obtain a relation of the form 

-r lv = AP + ]ix + C, 

where . 1 , /#, (' involve only x, x, x and the independent variable 
t. The fourth derivative is thus always quadratic with respect 
to the third derivative. Hence, by § 11 G, we have this result: 

In the .rf-plane (or, more generally, in any plane perpendicular 
to the plant 1 . 17 / in which the motion actually takes place), the 
co 1 curves having any element, of curvature in common are such 
that the locus of the centers (■' of their osculating conics (con¬ 
structed at tilt' common point) is a conic passing through the 
common point in the direction of the common tangent. 

As indicated above, the °o 4 curves in the .ry-planc, that is, the 
trajectories, do not usually enjoy this simple property. Even 
in the ease where the time enters only through the mass, the 
locus of the centers of the osculating conics may be of any 
degree of complication. Its shape depends on the law of vari¬ 
ation of the mass. Only for the special laws stated at the bottom 
of page 112 , together with certain combinations of them, is the 
equation of the trajectories of the quadratic type. 

BIS. It is possible to obtain additional general properties of the 
.rf-system, describing how the locus conic, corresponding to a cur¬ 
vature clement, changes when the element changes. For the co¬ 
efficients A, B, 0 determining the position of the conic have the 
following forms : A does not involve x, B is linear and integral in 
i, V is quadratic and integral in x. Hence these results: 

If the curvature element is varied, at the given point 0, in such 
a way that the second derivative x is constant, so that only x 
varies, the center 0" of the corresponding locus conic describes 
a new conic. 

At the same time a certain two-to-one correspondence arises 
between the initial direction of the element and the direction of 
the line joining 0 to the center C". 
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189. A clearer picture is perhaps obtained by changing the 
notation to correspond with the usual a\ //, ~ notation for rec¬ 
tangular coordinates in space. It is then desirable to lay o<T 
the time on the .r-axis, since this is tin* independent variable. 
The actual motion then takes place in the ;/>plnm\ and the 
dilferentinl equations of motion are 

(pU (Pz 

iLr l = <P(j\ !l< tfjB »/. '»• 

The curves in space u% ?/, z are then the space-time curves. Their 
projections on the //>plune are the trajectories (whose explicit 
properties have not beam derived). Their projections on the .r;/- 
plane (or on the .rs-plane, or on any plane parallel to the s-axis) 
are curves whose properties have just been stated ( §§ 187, l8Nh 
The differential equation in the Ji/-ptane is 

>/ lv ® oty ,,fm -h (0i + + (7t 1“ ( J0 f b 

where the eoeflieients involve only *r, //, and 

140. We have not attempted a complete direct clmraetcri/utiou 
of the systems of curves arising in any one of the coordinate 
planes. Such a characterization has however been given i § 11101 
for the system of space-time curves. Indirectly thin realty 
solves all the problems. A system of curves in the plane can lie 
regarded as trajectories of a force depending on time and petition 
if and only if the curves can he obtained by orthogonal projection 
from some system of curves in space having the properties (l i 
and (2) of § 186. If, furthermore, the* space system is invariant 
under translation perpendicular to the given plane, the plane 
system, then consisting of only % ;| curves, belongs to a posi¬ 
tional field. 

141. For any force depending on time and position 

* * <p(x, ?/, t), y « \p(x t y t /). 

the number of space-time curves is always oo 4 , When we project 
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iheso on tin* .n/-plaiH‘. to obtain the trajectories, the number is 
usually x,«. The number reduces to co* if the force is positional 
but does not vanish; in the latter ease the trajectories are merely 

the oo 2 straight lines. 

In the .rZ-planc the usual number of curves is oo 4 . The only 
exception arises when the 1 unction <p is free from the variable 
//. In this case the ^-curves all satisfy the equation of second 
order i* <pU\ f) and therefore their number is only oo 2 . Similar 
statements hold of course for the yt- plane. 

Consider, as a single example, gravity, taken as uniform and 
acting in the vertical .ry-plane. The equations of motion are 

X = (), y = g. 

The ^//-curves are 

x s at -f I) f y == \g$ + C t + d, 

a certain family of parabolas in space. The xZ-curves are 
00 ” straight lines. The j/Z-eurves arc oo 2 parabolas. The xy - 
curves (that is, the trajectories) are oo 3 parabolas 

y = ax 1 + + y* 

It is to be observed that if the gravity constant g is changed, 
tin* new problem, while 4 giving the same trajectories, gives a dis¬ 
tinct family of ,r//Z~eurves. If g takes all possible values, the 
totality of space-time curves obtained is formed of oo 5 parabolas 
(namely, those whose axes are parallel to the 2-axis). These 
curves, in accordance with the general statement made in the 
footnote on page 114, are the trajectories of a positional field 
in space, the generating force being constant and acting in the 
f-dlreetion. 

AH the results can l>e extended so as to apply to the four- 
dimensional space-time curves depicting motion in ordinary 

space. 



